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Non-formality of Voronov’s Swiss-Cheese
operads
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The Swiss-Cheese operads, which encode actions of algebras over the little n-
cubes operad on algebras over the little (n — 1)-cubes operad, comes in several
variants. We prove that the variant in which open operations must have at least
one open input is not formal in characteristic zero. This is slightly stronger than
earlier results of Livernet and Willwacher. The obstruction to formality that we
find lies in arity (2,2"), rather than (2,0) (Livernet) or (4,0) (Willwacher).
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Introduction

The little cubes operads C, (for n > 1), introduced by Boardman—Vogt [BV68] and May
[May72], are topological operads that encode strongly homotopy commutative (up to degree
n) algebras. The space C,(r) is composed of configurations of r rectilinear n-cubes embedded
in the unit n-cube, with pairwise disjoint interiors.

To prove his celebrated formality theorem, Kontsevich [Kon99, Kon03] used the Swiss-
Cheese operads SCyp4+1 of Voronov [Vor99], which encode central actions of C,;-algebras on
Cp-algebras. The space SCp41(r, ) C Cpt1(r+ s) consists of configurations of rectilinear cubes
of two different kinds: r “open” ones, whose bottom faces must be included in the bottom
face of the ambient cube; and s “closed” ones, which have no requirements. This operad was
e.g. used to define the generalized Hochschild complex of a Cp-algebra for n > 2 [Kon99,
Definition 9].

A fundamental property of C, is its formality, which is a notion originating from rational
homotopy theory [Sul77]. Briefly, an operad P is called formal over a field K if the dg-operad
C(P;K) is quasi-isomorphic to its homology H,.(P;K). It has been shown using several
different methods [Kon03, Tam03, Petl14, FW20, BH21] that C, is formal over Q for any
n > 2. In constrast, C, is not formal as a (symmetric) operad over F, for any prime p and
n > 2 [CH18, Remark 6.9]. It is also not formal over Fy as a non-symmetric operad [Sall9].

The question of formality for the Swiss-Cheese operads is subtler. Voronov [Vor99] originally
defined an operad SC}%; C SC,41 such that SC;%(0,s) is empty for all s > 0, i.e., open
operations must have open inputs. Today, the Swiss-Cheese operad SCp 11 commonly allows
such operations, with SCy,41(0,s) = C,41(s). Roughly speaking, if SC}°; encodes a central
action A® B — B of a C,,41-algebra A on a C,_1-algebra B, the larger operad SC,,+1 encodes
a central morphism f : A — B [HL12]. Given a central morphism, the action is given by
a-b:= f(a)b. In the presence of units, f can be recovered from the action by f(a) :=a - 1.
The two notions are not equivalent in general.

Livernet [Liv15] proved, using the theory of operadic Massey products, that SC, 1 is not
formal over any field of characteristic different from 2. Willwacher [Will7] proved that the
non-formality of SC,,41 is equivalent to the relative non-formality of the standard inclusion of
operads C,—1 — C, [TW18]. However, both proofs use the elements of the space SC,,+1(0, s)

vor

in an essential way and they thus cannot be applied to SC;%;. Non-formality of SC;, 11 does

vor

not imply non-formality of its suboperad SC}%';. We close this gap:

Theorem A. Voronov’s Swiss-Cheese operad SCy% 1 is not formal over any field of character-

istic different from 2 for anyn > 1.
Remark. The case n = 1 of Theorem A was proved in an appendix of the second-named
author’s PhD thesis [Viel8].

Remark. If n = 0, then SC; is formal over any ring. We give a more detailed explanation in
Section 1.5.

The homotopy type of the Swiss-Cheese operad is of interest in deformation quantization
(see Kontsevich [Kon99]). To carry out such applications, it is important to obtain small



combinatorial models (in the sense of rational homotopy theory) for the operads involved. Our
non-formality result implies that, even in the case of Voronov’s Swiss-Cheese operad, such
models must have a nontrivial differential. Some models are known for the full Swiss-Cheese

vor

operad SC,,41 [Will5, Idrl7] and they can be truncated to give a model of SC)°;. However,
it is conceivable that models of SC}%; that are simpler than these truncated models exist.
Our result (and the explicit bound on the arity of the obstruction, see below) shows that such

models cannot simpler starting at arity (2,2").

Proof strategy Our proof is similar in spirit to that of Livernet [Liv15], which uses the theory
of Massey products. These encode the idea that, when a product of three cohomology classes
xyz is zero in two different ways because zy = yz = 0, one may define some new class (z,y, z),
and it constitutes an obstruction to formality if nonzero. This theory has been extended by
Livernet to operads.

=1
t=-1 t= z

Figure 1: The path used in [Liv15] for n = 2. The hatched square is an open input.

Livernet then applied this criterion to H,(SCy+1). Figure 1 illustrates that in an H,(SCs)-
algebra (A, B, f) where A is an H,(Cy)-algebra, B is an H,(C;)-algebra, and f : A — B is a
morphism, the map A® B — B, a®bw~ f(a)-bisequal toa®b — b- f(a). It thus follows
that the map a1 ® as — f(a)f(b) — f(b)f(a) vanishes in two different ways. The homotopies
that witness this vanishing glue to give a nontrivial homology class in H;(SC2(2,0)), i.e., a
nonzero Massey product. The proof for higher n is similar (see [Liv15, Section 4]). Our goal,
in this paper, is to construct something analogous in the chain complex of SC;%;.

The main hurdle we clear, in this paper, is the combinatorial difficulty of the proof. The
path illustrated in Figure 1 uses four affine paths to construct a half-circle in SC2(2,0). More
generally, in SC,,41(2,0), the nontrivial (n — 1)-sphere is constructed out of two hemispheres,
which are in turn constructed by gluing just four (n —1)-cubes. However, in SC};;';, we cannot
use such simple paths: all the operations that we use must have at least one open input,
and as we compose them together, the number of inputs grows quickly. In order to handle the
induced complexity, we work by induction, starting with the proof of the non-formality of SC5**
(initially found in [Viel8]) which involves constructing a half-circle out of 2 x 4 affine paths (see
Figure 5, in which each path of the type 5% is already a concatenation of two paths). Then, in
a given dimension n, we build an (n — 1)-sphere S"~! C SC}%(2,2") out of the (n — 2)-chains
constructed in SCY"; (2,2 1) by composing them with affine paths. This allows us to express
the (n — 1)-sphere S"~! as the suspension of S"~2.

The proof of Livernet [Liv15] shows that there is an obstruction to formality in SC,,11(2,0) for
all n, while that of Willwacher [Wil17] finds one in SC,,+1(4, 0) for all n. With our methods, the
obstruction to formality lives in SC;°1(2,2"). It would be an interesting question to determine
if an obstruction can be found in a lower-arity component of Voronov’s Swiss-Cheese operad,
or alternatively to question if some arity-truncation of SC;;%; is formal.

In addition to the above combinatorial difficulty of the proof, we found that using cubical

chains (rather than the more commonly used simplicial chains) was beneficial. This leads to a



couple of interesting questions about the homotopy theory of operads in cubical w-groupoids,
detailed in Section 1.
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1 Background, conventions, and notation

Let us begin by recalling some background necessary for the statement and the proof of our
theorem. While we claim no originality in this section, we advise the reader that we introduce
several notation that will be used throughout the text.

Given an integer n > 0, let [n] == {0,...,n} and n == {1,...,n}. We work in Top, the
category of topological spaces and continuous maps, and Ch(K) the category of nonnegatively
graded chain complexes over some fixed field K of characteristic different from 2.

1.1 Cubical homotopy theory

We will be working extensively with little cubes operads (see Section 1.3). The homology
classes that we will construct will thus be easier to describe using cubical chains, rather than
using the more common simplicial chains. We recall certain features (such as connections) that
are lesser known. See [BHS11] for a general reference.

Remark 1.1. Instead of using the standard unit k-cube [0, 1]¥, we will use the k-cube I =

[—1,1]*, as this will make all of our formulas much simpler. This, of course, makes no material
difference in what follows.

Definition 1.2. Given a topological space X, denote K;X = Map([—1,1]*, X) and let C} X
be the K-space spanned by K3 X. Given a basis element o € K;, X and integersi € k, j € k+ 1,
the faces d 0,d; o € C;_, X and degeneracies s;0 € C}, X are given by:

(d;rd)(tl,...,tk_l) :O'(tl,...,tifl,l,ti,...,tk); (13)
(d;a)(tl,... 7tk—1) = O’(tl,...,ti_l,—l,ti,.. . ,tk); (14)
(Sj()')(tl, e ,tk+1) = O'(tl, e )tj—latj-‘rla e 7tk+1)' (15)

Remark 1.6. The above operations satisfy obvious identities that are reminiscent of simplicial
identities. There is a general notion of cubical object, which specializes to cubical sets, cubical
K-spaces (the notion defined above), cubical topological spaces, and so on. The collection
{K.X} forms a cubical set, while C, X form a cubical K-space.

The faces of a cube are often depicted pictorially as follows, for k =1 or k = 2:

d2+a

. did;o didio
— oelg +
dyo dio 4| oeCoX |dfo
didjc —— djdfo
2 g



Definition 1.7. Let C,X be the quotient of C; X by degenerate cubes. The differential
d: CxX — Cr_1X is given by the signed sum of faces, d = YF | (—1)(d; — d;"). We thus
obtain a complex, (C.X,d), called the cubical singular chain complez of X. The homology of
this complex is denoted by H.X = {HpX }i>0, which we can also view as a chain complex
with vanishing differential.

Cubical singular homology coindices with simplicial singular homology [EM53a]. Cubical
homology has a great advantage over simplicial homology: the product of two cubes is a cube.
This implies, for example, that the cubical Eilenberg—Zilber map is an isomorphism, rather
than merely a homotopy equivalence. However, the Dold-Kan equivalence between chain
complexes and cubical abelian groups is missing [BHS11, Remark 14.8.3].

To recover the equivalence, one has to consider instead cubical abelian groups equipped with
connections, which generalize degeneracies (see [BHS11, Section 13.1]). A degenerate k-cube
sjo can be thought of as a “thin cube” which is constant in the direction of the jth coordinate.
Connections provide other kinds of thin cubes. See Figure 2 for examples of thin squares
obtained from a segment.

(1) o
o(1) -7 o(1) o(~1) —2— o(1) o(1) - o(1)
g 510 a o(—1) S90 o(1) o I'ioe 1o
o(=1) sy o(=1) o(—1) —— o(1) o(=1) —— o(1)
(a) Vertical thin square. (b) Horizontal thin square. (¢) L-shaped thin square.

Figure 2: Examples of thin squares obtained from a one-dimensional segment.

Definition 1.8 ([BHSI11, Definition 13.1.3]). A cubical object with connections is a cubical
object K, equipped with morphisms I'; : Kj,_; — K, satisfying natural identities.

Ezample 1.9. Given a space X, the cubical set KX has connections given by (for o : [~1,1]¥ —
X and j € k):

(FjO’)(tl, ces ,tk+1) = O'(tl, e ,tj_l, maX(tj,th),thrg, oo 7tk+1)' (110)

We will not list every identity here, as they all come from the dual ones satisfied by the
prototypical example [—1,1]*. The most important ones for us are:

d;Tjo=d;Tj110 =0; deja = d‘;-‘—r‘j+10' = sjdja; [jsjo = 3?0 = 5j415;0. (1.11)

The last piece of data we will need is that of compositions.

Definition 1.12 ([BHS11, Definitions 13.1.7, 13.2.1]). A cubical w-groupoid is a cubical object
with connections K, equipped with partial compositions +; : K, x K, — K, and inversions
—i : K, — K, such that = +; y is defined if dz = d; y, which satisfy several compatibility
axioms, and such that each (K, +;, —;) defines a groupoid (with source and target maps sidf
and s;d; ).



Ezample 1.13 (Prototypical example). The cubical set KX of a space X has compositions
and inversions given by (for d a = d; b):

too 2641, ty), <O
(a4 B)(ts o 1) = 4201 it n) b (1.14)
bty ..., 2t —1,... tn), ti>0;
(—ia)(tl, ce ,tn) = a(tl, . T ,tn). (115)

However, it does not define a strict groupoid, as a +; (—;a) is not equal to the unit.

Remark 1.16 (Consequence of [BHS11, Lemma 14.8.2]). In an abelian category (e.g. K-spaces),
a cubical object K, with connections is canonically an w-groupoid, where (for a,b € K,, such
that dfa = d; b =: 2):

a+;b:=a—s;x+0, —i@ = $;T — Q. (1.17)

Theorem 1.18 (Immediate consequence of [BHS11, Theorem 14.8.1]). There is an equivalence
of categories between chain complexes and cubical w-groupoids in K-spaces. The equivalence
K : Ch(K) = wGpdg : N acts on objects by:

(KC)o = Homene) (Cu([—1,1]%), C), (1.19)
(VE). = (VK)o = Ko Y sillomn). d = Y1) —d)). (1.20)
=1 =1

1.1.1 Some useful maps
Let us now define some maps between cubes that will prove useful in Section 4.

Definition 1.21. Let n > 1 be an integer and S,T C n be subsets with SNT = () and T # 0.
Let @57 : [~1,1]" — [~1,1]2\" such that for t € [-1,1]" and j € n \ T, we have:

min(t;, —max{t; |i € T}), ifjesS;
max(t;, —max{t; | i €T}), ifj¢gS.

Csr(t); = {
Ezxample 1.22. Let n =4, S = {1} and T' = {2,4}. Then we have:

@{1}7{274} (t) = (min(tl, — max(tg, t4)) . max(tg, - max(tg, t4)) ) .

The maps ®s 7 defined above are composites of cofaces, coconnections, and groupoids co-
operations, and the diagonal map A : [~1,1] — [~1,1]?, ¢ + (¢,t). The cubical analogue of
the Alexander—Whitney map A : Cy(Ae X Be) — Ci(As) ® Cy(Bs) provides a cubical approx-
imation of the diagonal. We will not need its explicit formula, which can be found using the
technique of acyclic models (see [EM53a, EM53b, EZ53] where this is worked out for simpli-
cial sets). We can thus define operations induced (contravariantly) by ®gr on any cubical
w-groupoid K,, replacing occurrences of the diagonal by A.

Convention 1.23. To ease notation, we will simply denote the above operations on a cubical
w-groupoid Ko by K,,_ 7| = Ky, © — xPg 7, even though they are not literally obtained by
precomposition with ®g 7 in general.

The following maps will also be useful.



Definition 1.24. Let n > 1 be an integer. Let ¥, : [~1,1]"*! — [~1,1]" such that for
t € [-1,1]""! and j € n we have:

ti, if j <my

\I/n(t)j = ]. ip o

min(ty, tpy1) if j =n.
Note that if X is a topological space and ¢ € K, X, then o¥,, = —,—, 11, (—,0) can be
expressed in terms of cubical w-groupoid operations. The operation K,, = K,t1, x — ¥,
thus makes sense in any cubical w-groupoid K,, just like in Convention 1.23.

Remark 1.25. We insist that our operations can be defined in arbitrary cubical w-groupoids as
we will to apply them to arbitrary cofibrant operads in Sections 2.2, 3.2, and 4.2.

1.2 Relative operads

We refer to Loday—Vallette [LV12] and Fresse [Frel7a, Part I(a)] for background on operads.
Usually, a (symmetric) operad P is indexed by integers (P = {P(k)}xr>0) and acted upon
by symmetric groups Y ~ P(k). We will mainly use an equivalent point of view where an
operad is indexed by arbitrary finite sets (P = {P(A)} . finite set) and acted upon by bijection
of finite sets. The two points of view are equivalent: given an operad indexed by finite sets,
we simply define P(k) = P(k), where k = {1,...,k}. We will also work with colored operads,
that is, operads where the inputs and the output of an operation are decorated by a color, and
where composition is possible only if the colors match. We will only considers colored operads
of a special kind, called relative operads [Vor99] or Swiss-Cheese type operads [Will6]. For
such an operad Q, there are two colors, called respectively “open” (denoted by o) and “closed”
(denoted by ¢). An operation with a closed output may only have closed inputs, while an
operad with an open input may have closed and open inputs. The spaces of operations with
a closed output Q° = {Q°(A)} 4 thus form an ordinary operad. The spaces of operations with
an open output are denoted Q° = {Q°(A)}4.

Convention 1.26. Given a unicolored operad P, we will call a colored operad Q such that
Q¢ = P a relative P-operad. Its components will be denoted Q(A) := Q°(A) for a bicolored
set A.

The above convention follows the terminology of Voronov [Vor99]. We will work heavily with
a subset of operations in relative operads for which it will be useful to have coherent notation:

Convention 1.27. Let us denote a set with two open-colored elements and its Cartesian
powers by:
+:={+,-}, (1.28)
= {hg x| R € £ (1.29)

In other words, we view elements of 4! as strings of signs, without parentheses around them
or commas between them. We also write the unique element of + as:

o€+’ (1.30)

Remark 1.31. If an element x € 4+ appears in an arithmetic computation, then we take the

convention that + has the value +1 and — has the value —1. For example, *%1 is equal to 1

if *x = 4 and 0 otherwise.



Convention 1.32. Let Q be a relative operad. For integers k,l > 0, we will write

Q(k¢ j:l) = Q({Cl,‘..,Ck},ﬂZZ), (133)
where ¢1, ..., ¢ are closed-colored and the elements of +! are open-colored. If k = 1, we will
allow ourselves the notational convenience of writing ¢ := ¢;.
1.2.1 Cubical operads

Both functors N and K of the cubical Dold-Kan equivalence (Theorem 1.18) and the counit
NK(X) — X are (lax) monoidal. The unit Ko — KN (K,), however, is not monoidal. The
adjunction thus does not readily induce an equivalence of category between dg-K-operads and
operads in cubical K-linear w-groupoids. However, we can use a result of Schwede—Shipley
[SS03] to upgrade the cubical Dold-Kan equivalence for operads:

Corollary 1.34 (of [SS03, Theorem 6.5]). There ezists a Quillen equivalence between relative
dg-K-operads and relative operads in cubical K-linear w-groupoids, whose right adjoint is given
by applying the normalized chains functor N : wGpdg — Ch(K) arity wise.

Proof. Relative operads can be described as monoids in the category of pairs of symmet-
ric/bisymmetric collections (P(A), Q(B))a,p (with A ranging over finite sets and B over finite,
bicolored sets) with respect to the plethysm monoidal product. Just like in [SS03, Section 4.2],
we can apply [SS03, Theorem 3.12, part 3] to immediately obtain that the functor induced by
N from relative dg-K-operads to relative operads in cubical K-linear w-groupoids fits into a
Quillen equivalence of models categories. O

We will require the following construction on certain elements of an operad of cubical chains
over a topological operad:

Definition 1.35. Let P be a topological operad. For chains

T € Cpp1P(A), Y € [14 Cnat1P(BY),
let

k=m+3 40", A(z(y*)) € Ce1P(114 B*)
such that for t € [-1, 1]mu(]_[A@a)u{k+1} we have
A(@())(t) = Z(pry, t, 1) (Y (Prpo T, trr1))-
If we further have z € HHA pa Cpav 1 P(C) then let:
A(z(g*(z"))) = AAZ(FY)(2™) = A@(AG*(2™)))).

This construction is extended to operads in cubical w-groupoids using the cubical analogue of
the Alexander—Whitney map.



1.3 The little cubes and Swiss-Cheese operads

Let us fix some dimension n > 1 throughout the paper. In what follows, we are going to
consider Voronov’s Swiss-Cheese operad, denoted by SCy%; [Vor99]. Let us briefly recall its
construction. We first define the little (n + 1)-cubes operad, denoted C,,;.

Remark 1.36. Since the first coordinate will be distinguished to define the Swiss-Cheese operad,
we will view elements of [—1,1]"*! as being indexed by [n] = {0,...,n}, with the convention
that 0 is distinguished.

Definition 1.37. For two points z, 2’ € [—1, 1] satisfying z; < ' for all i € [n], denote the
cuboid with lower-left corner x and upper-right corner z’ by:

Clx;a) = {y € [-1, 1]”"'1 | Vi € [n], z; <y < )}

Definition 1.38. Let A be a finite set. The component of the little (n+1)-cubes operad indexed
by A, denoted C,,11(A), is the collection of A-tuples of pairs of points z = {z(a);2'(a)}eca in
([-1, 1]t AU satisfying the following conditions:

o Forall a € A and i € [n], we have z(a); < 2/(a);;
o For all a # b € A, the cubes C(z(a);2'(a)) and C(z(b);2'(b)) have disjoint interiors.

We can view a pair (z(a),z'(a)) as a rectilinear embedding [—1, 1]" ™! «— [—1,1]""! defined by
the inclusion C(x(a),2'(a)) C [~1,1]""!. Operadic composition is defined by composition of
embeddings (see Figure 3).

. I —
]

Figure 3: Operadic composition in Cs.

We consider the version of the Swiss-Cheese operad defined by Voronov [Vor99] as follows.

Definition 1.39. Let n > 2 be an integer and let A be a finite set whose elements are decorated
either by the open or the closed color. The Swiss-Cheese operad SC,2; is the relative operad
defined by (where A is a bicolored set and A is its underlying set):

« The space of operations with a closed output, (SC}%)¢(A), is equal to Cp41(A) if all the
inputs in A are closed, and it is empty otherwise.

 The space of operations with an open output, (SC}%1)°(A), is empty if A only contains

closed inputs.

vor

« Otherwise, if A contains at least one open input, then (SC;%)°(A) is given by the
elements {z(a);2'(a)} € Cn(A) such that for each a € A the “lower-left corner” z(a)
belongs to the ambient n-cube [0,1] x [—1,1]™. If a € A is open then z(a) belongs to the
face {0} x [—1,1]™.

vor

The composition in SC;%; is induced by that of Cy41.



Following Convention 1.26, given a bicolored set A we will simply write C,,41(A) instead of
(SC%Y1)(A) and SCy% (A) instead of (SCy)°(A) when no confusion can arise.
Remark 1.40. We are forbidding operations with no open inputs, like in the original paper of
Voronov [Vor99]. There is a different version of the Swiss-Cheese operad, denoted SC,,1, that
includes these operations. This operad has been studied elsewhere (see the next section) and

is now usually called the Swiss-Cheese operad.

Convention 1.41. For notational convenience, we will generally denote an element =z &
SCryi1({c1, ... ek}, {o1,...,0;}) under the form:

[zo(e1), zp(e1)] X -+ X [zn(e1), 2y, (e)]  (e1)

o), h(ea)] % -+ lan(en),an(e)] - (e) L2
[z0(01). (o) x -+ x [zu(on), @l (o) (o1)

[zo(01), 2 (01)] X -+ X [zn(01), 23, (00)]  (01),

where z;(...),x}(...) € [~1,1] are the endpoints of the intervals that make up the cubes

» T 1
x(c1)y ..., z(ck), z(01),...,x(0p).
1.4 Turning squares into cubes

There are several possible ways of embeddings the little squares operad Cy inside the little
cubes operad C3. The classical inclusion 2 : Co — C3 sends a configuration of squares to a
configuration of cubes of height 2. In other words, given a configuration x = {[z¢(a), z{(a)] X
[21(a), z1(a)]},c 4 € C2(A), we apply the following map to each element of z:

i3 ([z0(a), 24 (a)] % [x1(a), 21 (a)]) = [~1,1] x [z0(a), zj(a)] x [21(a), 7/ (). (1.43)

g

(a) z € C2(2) (b) 3z € C5(2 ) x € C3(2 ) 13x € C3(2

¥y

Figure 4: The three inclusions Co — Cs.

This procedure is illustrated in Figure 4. However, when dealing with (cube-based) Swiss-
Cheese operads, there are two other embeddings that are meaningful to consider. These two

10



embeddings are defined similarly to ¢ above, except that their images consist in configuration
of cubes of width (resp. depth) 2, rather than height 2. In order to have coherent notation
with the next section, let us introduce the following definition.

Definition 1.44. Let © = {[zo(a), z{(a)] X [z1(a),2)(a)]}aca € C2(A) be a configuration of
squares for some finite set A. Define two elements (2x, 132 € C3(A) by applying these two maps
to each cube in z (see Figure 4):

i1 ([z0(a), 24 (a)] % [x1(a), 2 (a)]) = [z0(a), 24 (a)] x [~1,1] x [21(a), 7/ (a)]. (1.45)
15([z0(a), 24 (a)] % [x1(a), 21 (a)]) := [z0(a), z((a)] % [x1(a), 2 (a)] x [~1,1], (1.46)

In the previous definition, the superscripts refer to the dimension of the cubes in the target
operad, and the subscripts refer to the positions at which the square is widened. More generally,
let us define the following inclusions. Since we will never need the case 0 € S, we will omit it
to avoid certain complications.

Definition 1.47. Let 1 < k < n be integers and S = {s; < -+ < s} C n. Consider the
complement S¢=n\ S = {u; <+ <up_r}. Let © = {[[;[zi(a),z}(a)]}, .4 € Cnrt1(A) be a

i
configuration of (n — k + 1)-cubes for some finite set A. Let us define a new element:

lex = L?S1,...,Sk}x € Cnt1(4) (1.48)

by, for all a € A,
(tsz)(a) = [vo(a),zo(a)] x | [ly;(a),yj(a)], (1.49)

j=1
where:
xi(a), if Jis.t. u; = 7; , zi(a), if Jist. u; =7;

() — (a) = 1.50
bi(@) {—1, if 3i s.t. s; = j. yj(a) 1, if 3i s.t. s; = J. (1.50)

Remark 1.51. Recall the maps 7 defined at the beginning of the section. We obviously have
12 = L%i} for i € {1,2}.

P =

The proof of the following proposition is straightforward.

Proposition 1.52. The map ¢§ : C_ 5141 = Cnt1, for S C n, is an inclusion of operads and
restricts to an inclusion of operads SCZLO—rISI—H — SCYY .

We will use the following convention about composition of operations that will prove useful in
Sections 3 and 4. Its main interest is that it avoids the search for the appropriate permutation
of inputs that yield the correct operations.

Convention 1.53. Let n > 0 be an integer, S,T C n be two disjoint sets, with S = {s1 <
- <sppand T ={t; <--- <t}. Suppose that we are given an operation x € SC|g, (C, +)

vor

for some set of closed inputs C', and operations y, € SC\TIH(C*’ +7) for all x € +151. Then
we will view the operation LZ\ 5T Oyetls) LZ\Ty* as an element of the following space:

st O tmrye € SCEL(CU | ] G £557), (1.54)

*€+£!ISI xe+S

by declaring that the input indexed by +' = % ---%} in ys, where x = x---%g, becomes
indexed by the concatenation x*’ reordered such that the indices s;,t; appear in their natural
order in SUT C n.

11



We may think of the decorations as “bubbling up” and being distributed to the indices of
the open inputs y,. While this convention may appear opaque at first, it greatly simplifies
formulas. Let us illustrate it with an example. Since closed inputs are not relevant in the
discussion, we will consider operation without any closed inputs.

Ezample 1.55. Let n = 5, § = {1,4}, and T = {2}. Let 2 € SC5*" (0, £114}) and, for all
*x € £114} et g, € SC°° (0, +{2}). Then we consider the colors of the composition:

L?2,3,5}37 25 L?1,3,4,5}y* € SCs™ (0, i{l’2’4})
*€

to be defined as in the following illustration. We circle the signs coming from x while we write
those coming from y inside squares to distinguish them.

e oo oD ©O6 H d H H H H B B
N\ /7 \/ \/ \/ \/
L?z,:s,s}x © L?1,3,4,5}y++ ) L?1,3,4,5}y+* ) L?1,3,4,5}y*+ ) L?1,3,4,5}y** )

oHe oBe oHoc oHo oo obHe olo oHo

N/ N/ N/ N/

5 5 5
t1,34519++ t1,34539+- L3459+ L3459
= L?z,g,s}x

1.5 Formality and non-formality

Our aim in this paper is to establish the non-formality of Voronov’s Swiss-Cheese operad
SC2L1. Let us briefly recall this notion and earlier results about the (non-)formality of the
little cubes and Swiss-Cheese operads.

First, let us note that the functors C, and H, are lax-monoidal using the Kiinneth maps.
It thus follows that given a (possibly colored) topological operad P, the collections C,P =
{C.(P(A))} and H,P = {H.(P(A))} form operads in chain complexes.

Definition 1.56. A topological operad P is (stably) formal (over K) if C,P and H,P are
quasi-isomorphic, i.e., if there exists a zigzag of morphisms of dg-operads which are quasi-
isomorphisms in every arity:

CiP < Q1 = ... < Qp — H,P.

Remark 1.57. The terminology comes from [LLV14, Theorem 1.1]. If K = Q, then there is a
stronger notion of formality that require the Hopf cooperad given by the cohomology of P
to be a rational model of P (see e.g. [Frel7b, Part II(b)] for background). Strong formality
implies stable formality. In the sequel, we are going to drop the adverb “stably” as we are only
ever going to talk about stable formality.

Remark 1.58. Using arguments from model category theory, an operad P is formal if and only
if there exists a span C,P <— Q = H,P (see e.g. [Hir03]).

Several (non-)formality results are known about the little cubes operads and its cousins:

12



e Ifn =1, then the question of formality becomes much simpler. The little intervals operad
C; is formal over any ring. As a topological operad, it is weakly equivalent to the (discrete)
operad of associative algebras Ass = {3, },>0, with a direct map C; — Ass = moC;y.

e The Swiss-Cheese operad SC; is thus also formal over any ring. There is again a direct
map SC; — mSC1 which is a weak homotopy equivalence.

o The little cubes operad C, is formal over Q [Kon99, Tam03, LV14] for every n. It is
however not formal over a field of positive characteristic, simply because C.Cy,(p) is not
formal as a ¥,-dg-module. For n = 2, it is also known to not be formal even if one forgets
the action of the symmetric group (Salvatore [Sall9]).

o There is an obvious inclusion of operads C, < Cp4+ for kK > 0. Definition 1.56 easily
generalizes to the definition of a formal morphism of operads (see e.g. [LV14, Defini-
tion 1.3]). The inclusion C,, < Cp4 is only formal over Q if k& # 1, see [LV14, Theo-
rem 1.4] and [TW18, FW20]. This is related to the formality of the Swiss-Cheese operad
(see the next point).

o The larger version of the Swiss-Cheese operad SC,, 41 that allows operation without open
inputs (see Remark 1.40) is already known not to be formal for n > 2. This was shown
by Livernet [Liv15] in characteristic different from 2, and it was shown by Willwacher
[Will7] over Q (by proving that it is equivalent to the (non-)formality for C,—1 — C,).
However, both proofs make a crucial use of the operations without open inputs, so they
do not settle the formality of SC;%';. Our proof is inspired by Livernet’s proof for n = 2.

2 Non-formality in dimension 2

In this section, we record the proof of the non-formality of Voronov’s Swiss-Cheese operad
SC3°" that can be found in the second-named author’s thesis [Viel§].

2.1 Definition of the basic paths

Let us start by defining some basic elements of the chain complex of SC5*". The elements will
all be paths, that can then be viewed as 1-chains. Recall Convention 1.32 about the notation
for relative operads, that we will apply to SC3°.

Definition 2.1. The product p!' and the action a! are defined by:

. {[0, 1 x[-1,0] (=) _ - € Co(8C3(0,£)),

0 x 0] (+)

1 {[1/2? 1] X [_1’ 1] (C) .:‘ c CO(SC‘onr(l,:tO))-

“T0,1/2 x [=1,1] (o)

Recall that we use cubical chains (see Section 1) and that 1-chains of a space X are linear
combinations of paths [—1,1] — X. We will now define two paths in SC3°(1, £) that will be
essential to produce the obstruction to formality.



Definition 2.2. The paths 3} and 8% in C1(SCy*"(1,4)) are defined by (for —1 <t < 1):

[1/2,1] x [min(¢,0),1]  (c)
Bi(t) = { [0,max(134,1/2)] x [0,1] (-)
[0,1/2] x [-1,0] (+)

e i;%éﬁéﬁi € C1(SCY(1, +)),
% 7
%

[1/2,1] x [-1, max(0, —1)] (c)
BL(#) = {[0,1/2] x [-1,0] (-)

€ 01(SCE (1, 4)).

Remark 2.3. For x € + we have that:
&yt = al oy ! &8l = ol

Remark 2.4. In Remark 3.10, we will give a more condensed definition of 541_ and L that lends
itself to generalization in higher dimension.

Definition 2.5. The 1-chain n} € C1(SC3(2,+)) is defined by:
n}r = —ﬁi o_at —alo, B +alo, B}r + 8L oy ol
We further set n' :==nl - (14 (cic2)) € C1(SCY* (2, 4)).
Note that despite being defined as a chain, 1! is the concatenation of eight paths with

compatible endpoints.

_alouﬁi OthoBJlr

—ﬂﬂ_o,alT J(ﬁl_%—al

ﬁ10+al-(€1t2)T J'—ﬂiofal'(tm)

atoofl-(c1e2) —aloeBL (c1e2)

Graphically, the path n}r can be represented by Figure 5.

Lemma 2.6. The path n' is closed, and thus dn' = 0 in the chain complex of SC3*(2, ).

Proof. This follows directly from Remark 2.3. O

It is not hard to see that the above closed path is related to the “loop” ¢! in Ca(2):

14



Figure 5: The 1-chain n} € C1SCY*"(2, +).

Definition 2.7. The path ¢} € C1C5(2) is defined as

A = {[1 —4|2t|7 3—4|2t|} y {—1;215’%}

32t —14 2]y —142t 142t
= <=
We set 1 := €1 - (1+ (c1¢2)).

Remark 2.8. For t = £1 we have £} (t) = (£} - (c1¢2))(—t), so ¢! is closed.

Lemma 2.9. The chains n* and o' (¢*, u') are homologous, i.e.,
Iyt € Co(SC3™(2,+)) such that dy' = nt — ot (0L, uh)
Proof. We may define, by abuse of notation, the function

nh o [—1,1] — SC3 (2, +)

at o /legn(t)(s n(t)6t — 1), It| < 1/3;
/Blsn sgn sgn Oél, 13§t§237
mh(e) = 4 e ) (a) 3) sgn(r) /3< el <2/
pty O 2/3 < |t].
Osgn(t)&

Due to the equations in Remark 2.3 the image of the points where this formula is ambiguous,
i.e. the integer multiples of %, are uniquely determined when we extend by continuity on the
unambiguous points. This function, as a chain, is homologous to our previous definition.

Let v € C(SCY°" (2, £)) be defined as

fyi(t)ci =min(1,1 — t)n% (1), + max(07t2)a1(€1+(t1),u1),

ta+1 *—1 x+1
PO = max(—ta,Onk (1), + [0, 2 |25 E

for x € + and i € 2. The following conditions guarantee that for all ¢ € [—1,1]? the cubes in the
configurations ~} (¢) have pairwise disjoint interiors, and so are indeed elements of SC¥"(2, +):

1. In the first half of the homotopy the closed cubes stay constant and all open cubes are
deformed in the first coordinate so that halfway through the homotopy they are separated
from the closed cubes by the hyperplane {3} x [—1,1];

2. Ift e [ 3 2} then n} (t),, and ni(t)., are separated by {%} x [—1,1];
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3. Ift e [—5, 5} then a! (€L, u')(t), and o' (€L, u')(t)., are separated by {%} x [—1,1];

4. If |t| > § then nl (t);, and ! (¢}, u')(t)c, are in the same side of the line [0,1] x {0}, and
nt(t)e, and al (61, u')(t)e, are in the other.
Note that
d2 /Y+ —77+, d2 /Y+ =« (E}F,,Ull)
By construction for all ¢t € {—1,1} x [—1,1] we have v} (t) = 7% (—t1,t2) - (c1¢2), so for 4 :=
YL 474 - (e1c2) we have

dy' = —diy' +dfy +doyt —diy =0t —al (¢ ') O

2.2 Proof of the non-formality of SC;*

The chain 1! defined above gives rise to something similar to a nonzero type-II Massey product
(u?; 0%, a®)11- (14 (c1c2)) with the notation of [Liv15]. Note however that, due to the symmetric
group actions appearing outside of the Massey product, it seems that this does not define a
Massey product in the proper sense. Nevertheless, the proofs of Livernet [Liv15] still work
with slight adaptations and we obtain:

Lemma 2.10 ([Viel8, Appendix Al). If

[t e Co(SC3 (0, +)), al e Cp(8C3r(1,1)), it e C1(C3(2)),
pte Ci(SCy (0, %)) at e C1(8Cy™(1,1)), th e C5(C*(2))
are such that
at = pt 4 dpt, ol = ol +dat, 0t =" 4 aet,
then there are chains
BL,BL € Ci(SCY" (1, ), Al € Co(SC5 (2, 1))

such that, for 3t € C1(SCY(2,+)) defined from the B! and &' as in definition 2.5, we have

Al _ al o Al Al a4l
d*:N Ox " — (" Op U}
~1 ~ ~1/71 ~1
dy' =10 —a (0, 0).

Proof. The chains

ﬂ* 5*+A( OO:U’ +/"L Ox & 1)7
5* ﬁ*Prl +A(— a' OOM +M Ox & )‘1’1
A=y +A(=BLo_at —a' o BL + @' op B+ BL oy @l) - (L+ (c1e2)) — A(al (24, "))

satisfy the desired relations. O

Theorem 2.11 ([Viel8, Appendix A]). The operad SC3°" is not formal.
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Proof. Assume by contradiction there there is a relative dg operad @ and a span of quasi-

isomorphisms

Cu(SCY) « 2 0 Yy H(SCYT) .

Since ¢ is a quasi-isomorphism there are cycles
p€Q(0,+), @€ QL 1)y, (2€Q(2)

and
it e CL(SCy (0, +)), al e C1(8Cyr(1,1)), 0t € Cr(SCyr(2))

such that
opl =pt +dit, a2 =o' +dat,  p° ="+t

Let Bi, B_lk and 4! be the chains in the conclusion of lemma 2.10. By the relations

1

;= p' o, o' —al o, p!

for «x € + we have that
¢*([.UQ Ox QQ] - [aQ Oo MQD =0,

in Ho(SC3°"(1,4)), and there are
/897 6?— € Q(1> :l:)l

such that
dp2 = %0, a® — a0, 42

Applying ¢ and lemma 2.10 we obtain
dpB2 = ¢dB2 = pu or pa? — $a 05 o = dp;.

Define n€ € Q(2,4); as in Definition 2.5, so that dn© = 0. Since the group H;(SC3% (2, +))
is generated by [a! (¢, u!)] = [pa2(pl2, pu2)], we have that that Hi(Q(2,4)) is generated by
[@2(¢2, 19)] and that there are

72 € Q(2,+)s, AeK

such that
ne = M2, u9) + dry<. (2.12)

Since H;(SCY*"(1,4)) = 0 there are 3L, 81 € C2(SCY"(1, +)) such that
dpt =¢p°—pBL,  dBl =¢BY - B

Defining
= A(=pLoal —at oy BL + a0, B + BL oy al) - (14 (c1c2))

we have
dii = ¢n? — 9",

Applying ¢ to equation 2.12 we get

W+ dit = A\pa2 (92, pu) + dov?,
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which by lemma 2.10 gives us

0t = Apa2 (602, ou) + d(¢7° — ')
= ¢a(pl2, op) + di".

Since [pa2(pl2, pu<)] generates Hy(SCY°"(2,4)) we conclude that A = 1.
For degree reasons 1/159 = 1/)Bf = 0, thus 1/)77% = 0. Similarly ¥y¢ = 0. Since ¢ is a
quasi-isomorphism there are
A Aoy, Ap € KX

such that
P = A [, Ppa = Ny[alt], Pl = N[0

Applying 9 to 2.12 we get
Mo [t (0t 1)) =0

which implies A = 0, a contradiction. ]

3 Non-formality in dimension 3

Before moving on to the general case, let us first deal with the special case n = 2 of the proof.
This case allows us to draw actual pictures that illustrate the general procedure, but there is
no difference in the actual proof with Section 4.

3.1 Definition of the basic squares

In order to build the nontrivial 2-chain that proves the non-formality of SC3°*, we will need to

define several kinds of basic squares.

The first kind of basic squares is similar to the basic paths defined in Section 2.1. Just like
the path B}r (resp. B1) were defined to “push” the closed input towards the open input labeled
by + (resp. —), we will define four operations Bfl oy TOT x1,%2 € &, that “push” the closed
input towards corners of the unit square.

Recall from Convention 1.27 that we denote +2 = {4+, +—, —+, ——}. Recall moreover the
inclusions L% from Definition 1.47.

Definition 3.1. The four-fold product u? € SCY°"(0,42) is defined as:

- (3.2)

W ++

pt = L%l}ﬂl (L%Z}.ula L%Q}Ml) =
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Remark 3.3. We use Convention 1.53 to find the labels of the inputs of 2. Given an index
* = %1% € 2, the corresponding component of ;2 is given by:

9 B *x1—1 %1 +1 *x9 — 1 %9+ 1
(M )*1*2 = [O, 1] X [ 5 ' 9 ] X { 5 ' 9 } (3.4)
Definition 3.5. The action o? € SC3°"(1,4) is defined by:
1/2,1] x [-1,1]?
2: [/ ’ ]X[ ) ] (C) (36)
[0,1/2] x [-1,1]* (o).

We can now define the higher-dimensional generalizations of the paths 81 from Section 2.1.
For notational convenience, we introduce the following helpers (see Figure 6).

Definition 3.7. For x € &+ and t € [—1, 1], let:

min(0,¢), if x = +;

Moreover, given k € N, x = (x1,...,%;) € £F and t = (t1,...,1) € [-1,1]F, let:

1+¢ .
Tagyoomg (- 1) = max({1/2} U { sl 1<i<hox= -1). (3.9)

1.0 w0
05f R
0.0 a.(t)
-05
-1.0 : - ‘ - ‘ a_(t) -
1.0 05 0.0 05 1.0 10 10
(a) Plots of oy and 4. (b) Plot of 7__

Figure 6: Plots of our helper functions.

Remark 3.10. Using this notational shortcut, we have, for x € + and 0 < ¢t < 1, that the
components of BL(t) = {BL(t)_, BL(t) 4, BL(t).} € SC3°*(1, £) are respectively given by:

(Be (1), = [1/2,1] x [o4(t), —o—+(D)],
(Bi(t))_i_ = [077*(t)] X [07 1]7 (/Bi(t))_ = [077—*(t)] X [_170]'

The two equations for the open inputs can be condensed further into, where ' € =:

=1 & +1
(Br1), = 07w (0] X [=5—, 5]

19



Definition 3.11. Let (x1,%2) € £% The chain 2 ,, : [-1,1]> — SC5*'(1, £?) is defined, for
—1 < t1,ta <1, as follows (see Figure 7):

e The closed component is given by the cube:
(/831*2 (t17 t2))t = []‘/2? 1] X [0*1 (tl)’ —0 5 (tl)] X [0*2 (t2)’ 0 —xq (t2)] (312)

« The open component indexed by a pair (¥;,*5) € 42 is given by the cube:

=1 & +1 x—1 x5+ 1
(82100 (11:12)) 3= [0, Tags ey (s )], X [P, P ] x [ 2] (3.13)

— ,1

L,
vsoow
Ye99@
99999
vssee

Figure 7: The 2-chain 8%, € Co(SCY™(1,+?))

[N

-+
[

|
[y

This 2-chain is built such that 57, (1,1) = u? 0., o and B2 ,,(0,0) = o? o, u?. More
precisely, we have the following lemma.

Lemma 3.14. Given x = (x1,%2) € £2, the boundary of 531*2 decomposes as:

o2 ul
2 1 2 ,ﬂ{ 21}
2 1) 9=tk P ey i ) 2 2
L{Z}M 2(; 2 1 K™ Oxyxg O
Oy (X (1dc,L{1}u )
2 “1{0 *12 {2}1“
1
**2 {1}“ BE * (tl,tQ) 1} °*1L{2}ﬁ*2(t2)
L{2}5*2(tz) o 1%2
2t qyr
2 1
Oo_ A /,L
2 2 2 1 *17{2}
Q~ Og [ . oy 2, ul L{l}:u’ o Oé2(id L2 1)
L{1}ﬁ*1(t1){0*1L{2{}g *1 ) {2}:“
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3.2 Sketch of proof of the non-formality of SC5™*

Using the above data, we can now define the following cubical 2-chain 2 € SC3**(2,42) by
gluing and composing together several basic chains:

1
2{°+ o ui? Oiﬁ%iprl TH{?‘){O_afl(;u nt TM{Z}{CLQ?SO uttt
o_ya? 0+ B P 2y 0+BZ" P11y (2} o+By TPy, (2}

{2} {1}
oy BY _
Tu{l + r } 8 z}prz{o 13 )
-BY ‘f’@ {1}

T T °+5_§_ }Prl
{2} {2}
{1} °+D‘ Oﬂl‘ {1} Otk 2 2
lﬂ { CI>{2} {1} Py pn o_ppr, *oe P
)
l“‘{l + + }sz J{ l
o_p' ey, {1}
EENT,

=
T~
-
-
o
+
Q
o
=
-~
S
-

=) oya? o, pil} 2} O+a 0o pil} (2} O+B£1}pr1
o_pVe H _pitle " {134
—P_ %1y, {2} + P{1}.{2} 0By Py (2}

(3.15)

Lemma 3.16. Let 2 be the above 2-chain. Then n3 - (1 — (¢ ¢2)) is closed and homologous
to (02, u?).

Theorem 3.17. The operad SC3°" is not formal.

The proofs of the above lemma and corollary are simply special cases of the proofs of Sec-
tion 4. As explained in the introduction of this section, we only included this case to give
visual pictures for the chains that we will build there.

4 Non-formality in all dimensions

4.1 Definition of the basic n-chains

We are now ready to give the definitions of the basic n-chains (analogous to S} and nl above)
in SC)%,. First, let us define the multi-fold product inductively (recalling that pt is found in
Definition 2.1):

Definition 4.1. Given n > 2, we (inductively) define u™ € CoSC)2;(0,£") by:

n

P = gt (g ). (42)

Concretely, given * € +", the corresponding component of p” is given by:

=0 T S o I 570

j=1 j=1

Moreover, we define the “action” as follows:

Definition 4.4. Given n > 2, let a™ € CoSCy (1, £Y) be defined by:

n __ [1/271]X[_17”n (C);
CT0 12 ) L1 (o).
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We are now ready to give a definition for the analogue of Bfl 4, from Definition 3.11 in every
dimension.

Definition 4.5. Let x € £" be a string of n pluses and minuses. Let the n-chain g} €
CnSCy(1,£") as follows, where t = (t1,...,t,) € [-1,1]™

o The closed component (8}, is given by:
(B)e(t) = [1/2,1] H 0x; (i), =0 ()]

o Given + € £", the corresponding open component is given by:
n

*—1 % +1
f*’t:O,T**/t t ,l .
(82300 = 0 O] < T 5

Convention 4.6. For the sake of consistency, let u° :=id € Co(SCY*(0,£")) to be the “one-
fold product” and % = a® € Cy(SCY°"(1,4)) to be the action. They are respectively given
by:

— [0, 1]’ a() — {[1/27 1] (C)

[0,1/2] (o).

Definition 4.7. Let (7} € C,(2) be defined as

I

o) = {{1 —max{|2t;| | j € n} 3 — max{|2t)] ]jE@}} y ﬁ[ 1— 2t 1—2t,}

4 4 1 4

-3+ max{|2t;| | j e n} —1+max{|2¢;||jen - 1+2tz 1+ 2t
| ; , 7 Pl

For t € 0[—1,1]" we have ¢ (t) = ({7 - (12))(—t), so we get the closed element
0" = 0~ (<10 (12) € CalCora (2)) (4.8)
whose homology class generates H;,(Cp+1(2)).
Notation 4.9. Given n > 1, S C n, and » € +°, we use the notation:
By = Lg\sﬁl € CigSCH (1, + ), o= LZ\S/AS‘ € 8C; (0, is)-

Remark 4.10. The parameter n is implicit in the above notation, since S is not just a set but
a subset of n. However, it is important to note that 32 and p® depend on n.

Notation 4.11. For x € £", let —x € £" be such that if ¢ € n then (—*); = —(%;). Moreover,
for S C n and x € £7, let xg € +°| as the projection onto the coordinates in S.

Note that if x € £", then %, = x and *y = o is the empty sequence (Convention 1.32). For
the next definition, recall the maps ®g7 from Definition 1.21.
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Definition 4.12. Let n > 1 and S, T C n be such that SNT = (). We then define the following
cubical n-chains in SC;° (2, £"):

S
s = (B0 pras O 1% ouys B prs; (4.13)
- *'e4n\S -
* Fxp\ g
oup | B Prav(s O w
nf,s,T:r:;@(“T O “E\T) B <T eun ERED ¢ s ; (4.14)
'e+
*’;*GT,—*T O*TB%Q\TCI)S»T
nl= ) senx > nlgr; (4.15)
*EE" S, I'Cn
SNT=0
n" =0 — (=1)"n - (crc2). (4.16)

Remark 4.17. Recall that 8% = o (Convention 4.6), so that B = LZO&O = a". It follows that
when S = T = (), then Nlgg = By o« 5@, whereas if S = n, then 0} , = 5‘0 0, B2. For
n = 2, these are precisely the chains that appear in the center of the diagram (3.15), as well

the corners of the inner 4 x 4 square of that diagram.

Ezample 4.18. Let n = 1, so that the only possibilities for the couple (S,T) are (0,0), ({1}, 0)
and (0,{1}). As remarked above, we have, for x € =+:

1 _nl 1 1 _ 1 1
0,0 = B—* Ox O, 10 = & o ﬁ*‘

Moreover, we have that, for t = (t1,t2) € [-1, 1]

o_,x o_,(x
Ui,@,;(tl,tz) = <M1 { *1 ) (®g1(t1,t2)) = p' { *1

04X 04 QX

In other words, the chain is constant (its value does not depend on ¢). While these constant
chains are irrelevant in SC3", we still write them down in the general formula for SC}%;. The
signed sum of the 771, s, recovers the 1-chain n}r defined in Section 2, up to these two constant
chains. In higher dimension, the 7} ¢ ;- are chains where cubes go “back and forth” but remain
constant in some of the coordinates.

4.2 Proof of the non-formality of SC}%,

Lemma 4.19. The chain 0™ is closed and homologous to o™ (0™, u™).

Proof. Let us recall that the boundary of 5] is given by the signed sum of its facets:

dpy =Y (=1)'(d; By — df ),

1€n
where the facets are given by (for i € n):
o, pm\i}

dogn— g\ (i} g — |
i P wgy Py O 1, iPe=n o*iﬁ*ﬂr}{{fg} PIn\ {3}

' en\{i}
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For each i € n and x € £7 let +* € £" besuchthat*§- =% ifi £ jand ¥l = —;. If S Cn
and i € S then

a (o Y (75T . s . S\ Lo {i}
. (77*,57@) B s PTn\S */ESE)E\SM suvs | Brsiiay Prs\ (i) *’/eg\{i}u
*li*ﬂ\s

=d; (Wfi,s,(i)) ;

S\{i}
n 3 [omwp
df (msp) = | A5 opras O 15 o, (u“}{ o\ )
( ’ ) ms ) *'Fkn\ s = O*iﬁ*s\\{{i}} Prs\{i}
= d; (1 s\(i70) -
If S,T C n are disjoint, T' # () and 7 € S then

n\(SUT) S
—x1 P\ (sur) P\ (SUT)

d; (nf,s,T> =" O VT (
*T

*//e:‘:ﬂ\(suT)

n\({i}UT) i
e\ (iyor) BT O plid
W14\ {iUT)

«e+T
/
*' Fxp,—*xT

N n .
— Y% (n*i,S,T>’

suT
Ot ( %i(nvsu)m PIy\(suT) O MS>
d (nfs T) = O MQ\T B %/ e4£n\(SUT)
Z b b )
° ﬂ\({z_}UT)(I) ) {Z}
*T ( *n\({iyur) = S\{i},T e s EIUT) u

' e£T
/
*' ko, —*p

=d; (Uf,S\{i},T) :
If S,T C n are disjoint and ¢ € T then

o [ phsum o
di (sr) = ot O T e D) | sun
' o «exT n\T
k= Oy B\ P\ {1}

=d (Uf,s,:r\{i}) ;

suT
O—xr < %\*(n\mu)T) PT'n\ (SuT) Q(SUT>“S>
T T - "e4n
df (misr) = |u" O pm e
b ( FaGaur) P (5UT) °
7 | P*n\(sur) PTn
*//leiﬁ\(SUT)

*exT
!
*' ke, —*

=d (Uﬁ*,s,T ' (C1C2))~
We may thus define, by abuse of notation,
ny o [=1,1]" = SCY"(2,£")
sgn(t;)6t; — 1, |t;] <1/3
M (8) = Tggn (o), fienl|ti|<1/3} {icnllt>2/3) | | sen(ti)6t: — 3, 1/3 < |t;| <2/3
sgn(t;)6t; — 5, 2/3 < |t;]

i€n
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The equations we verified above guarantee that the points where this formula is ambiguous, ie
points with some coordinate an integer multiple of %, are uniquely determined when we extend
by continuity on the unambiguous points. For all ¢ € 9[—1, 1] we have 1! (t) = (9 -(c1c2))(—1).
Thus we have that n™ is closed.

Let v € Cpq1(SCY21(2,£™)) be defined as

VL), = min(1, 1 — tnp )0’ (tn)e, + max(0, tnpr)a” (€ (tn), 1),
tht1 +1 ﬁ[*z—l *1+1]
bale 2

The following conditions guarantee that for all t+ € [—1,1]"*! the cubes in the configurations
7 (t) have pairwise disjoint interiors, and so are indeed elements of SCV*(2, £"):

Yo ()« = max(—t,q1,0)n] (tn)x + {O

1. In the first half of the homotopy the closed cubes stay constant and all open cubes are
deformed in the Oth coordinate so that halfway through the homotopy they are separated
from the closed cubes by the hyperplane {} x [—1,1]™;

2. Ifte [—5, %} then 0% (t), and 0" (t)., are separated by {%} x [—1,1]™;

3. Ifte {—%, %}n then o™ (¢ (t), u™)c, and o™ (L7 (1), u™)., are separated by {%} x [—1,1]™;
4. Ifi € nand |t;| > 3 then 7% (t), and o (¢ (t), u")c, are in the same side of the hyperplane
[0,1] x [-1,1]""! x {0} x [-1,1]""*, and 7" (t)c, and @™ ('L (t), u")c, are in the other.

Thus we have that

dT_L+171 = 771 d;t+17¢ - Oén(gi, ,U,n)
By construction for all ¢ € 9[—1,1]" x [—1,1] we have 7} (t) = v} (—tn, tm1) - (c1¢2). It follows
that for

Y=t = (1) (ac), (4.20)
we have
n+1
dy" = (1) df Ay = d ") = (D)™™ 1) — ") O
i=1

Lemma 4.21. If we are given cubical chains:

15 € Co(SCIT(0,£5), a7 € Go(SC(L D), "€ CulCara(2),
10 € CUSCI(0.£%),  a" e CuSCI(LY), I € Cupr(Cora(2))

for S Cn, such that:
ﬂS — MS +dﬂ5, &% = o _}_d&S? lﬁn — €n+dlﬁn,
then there are chains

B* € C|S\(SC¥L?|{1( ))7 6* S C|S|+1(Scn?|—1( iS))? ,3/71 Cn+1(Scn+1(2ain))
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for each S C n and € £ such that 3° = a", B° = &" and, for 0" € Cn(SC2E(2,£7))

defined as in definition 4.12, we have

S\{)
A NT . Oy il
B
ieZS s\oy PLS\() o 0n B prg

- 1A [ [ pEN . o} (i}
Z ( ) (( S\{’LJ}p S\{4,5} /eig)\{i,j}lu *//695“\{1}#

jes\{i}

S\i.d}
_{; o 1% iy
_<“{]}{ TS\ > O A"
Ox;j 5*5\{”} PTs\{i 51 */ €5\ {4}

NG
=i (asvin 2
ﬁ*S\{z]} pr S\{l]} O . H
WL\ (i}

O**i ﬂs\{l}

e o fom, QS\{i,j} (4.22)
o, | 1 0.5}
Ox; 5*5\{1 i+ PES\{i.5}

dy" =t — a0, ). (4.23)
Proof. We will define recursively (by induction on the cardinality of S) chains

B2 e Cig)(SCti (1, %)), B2 € Cloia(SC (1, +7)).
For S = () we simply set B@ =@ and BY = a". If S Cnis non-empty and x € +° then we
set

| S\{i}
=85+ Y (—1)iA (55\{ Jpra Ol —a® { )
s\fiy P15\ }*’eis\{i} *Zﬁ*s\{}} Prs\{i}

i€S

. S\{i}
_ . —G\{; _ _ O —%; ,UJ
BY =Bl prg+ > (-1)'A (55\{2-} provy O ptt—ptd { ) s
> s P Q on BN prg iy ) U1

€S

such that equation 4.22 holds. Setting

0 [an\s s 23S .
Megp = (63\*n\s pros O R ) Ouprs Brg PLsi

*/e4n\S
K FHn\s
an\(SUT) =S
O—sr B sy Pla\(SLT) Z
My, TT;® (ﬁT O ; ﬂﬂ\T) =
*'e+ =
*! ke, —* O*T’B*Q\T(I)S’T

= Y senx > iler | (1= (1) (cica));
“EEn S.TCn
SNT=0

=y AT - AEE i)

the equation (4.23) holds.
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From the previous lemmas and the same argument as in the proof of Theorem 2.11 the general
non-formality result follows. Note that to mimic the proof of Theorem 2.11, we need to make
sense of elements of the form x®g 1 in the intermediate operad Q. Thanks to Corollary 1.34, we
may assume that Q is given by normalized chains of a relative operad in cubical w-groupoids.

Theorem 4.24. Voronov’s Swiss-Cheese operad SC}%1 is not formal over any field of char-

acteristic different from 2 for any n > 1.

Proof. Assume by contradiction there there is a relative dg operad Q@ and a span of quasi-

isomorphisms

Cu(SCYT)) 2 @ —2s Hu(SCPT)

Since ¢ is a quasi-isomorphism there are cycles
p2% e 90,+£%)0,  a%e€Q(1,1)y, (2 Q(2),
for S C n, and
A% € Ci(SCE(0,47),  a" € Ci(SCY(1,1)), € Cuia(SC (2)

such that B
ouSS = 1S +dps,  $a=a" +dat, 2 ="+ di"

Let Bf , Bf and 4" be the chains in the conclusion of lemma 4.21.
Using Lemma 4.21 and the fact that ¢ is a quasi-isomorphism we can show there are chains
B2 € Q(1,£%)g such that

dp(B2°) = dpy.

Define n€ € Q(2,4"), as in definition 4.12, which we can due to Corollary 1.34. Due to
equation 4.22 we have, by an analogous argument as the one for Lemma 4.19, that

an = 0.

The group H,,(SCy%(2,£")) is generated by [a™ (", u")] = [pa2($l2, u<)], which implies
that H,(Q(2,+")) is generated by [a9(¢2, u2)] and that there are

7€ Q2,4 nr1, AEK

such that
ne = M2 (9, u9) + <. (4.25)

By an argument analogous to the one in the proof of theorem 2.11 we have
0" = ga (602, ¢p®) + di",

and since [pa2(pl<, pu<)] generates H, (SCY1(2,£")) we conclude that A = 1.
As in the proof of theorem 2.11, for degree reasons and the fact that v is a quasi-isomorphism
we can derive A = 0, a contradiction. ]
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Table of notation

Notation Element of Definitions
n=1 n=2 alln
ur SCy1(0,£7) 2.1 3.1 4.1
L hom(SCYg/, SCYy)  n/a 144 147
a” SCyE(1,1) 2.1 3.5 4.4
7 Cn(SCY2E (1, £™)) 2.2 3.11 4.5
o Cn(Crt1(2)) 2.7 n/a (4.8)
i Cu(SCL (2, 47) 25 nfa  (4.16)
A" Crnt1(SCH(2,£7) 2.9 n/a (4.20)
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