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Configuration spaces

M: smooth closed n-manifold (+ future adjectives)

COIlfk(M) = {(Xla"'vxk) € MXk |Xf 7éXJVI7é./}

Obtain a CDGA model of Confy(M) from a CDGA model of M
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® The model

® Action of the Fulton—-MacPherson operad

© Sketch of proof through Kontsevich formality

® Computing factorization homology
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The model
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Models

We are interested in rational /real models
A~ Q*(M) “forms on M" (de Rham, piecewise polynomial...)

where A is an “explicit” CDGA

M simply connected = A contains all the rational/real homotopy
type of M

Confy (M) smooth (but noncompact); we're looking for a CDGA
~ Q*(Conf,(M)) built from A
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The model
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Poincaré duality models

Poincaré duality CDGA (A, d,¢) (example: A = H*(M))
e (A,d): finite type connected CDGA;
e ¢: A" — k such that cod = 0;
o AK@ A"k 5k a® b+ e(ab) non degenerate.

Theorem (Lambrechts—Stanley 2008)

Q*(M) +— - = 3A
Any simply connected manifold has such ~ ,/3
a model Ju k7

Reasonable assumption: 3 non simply-connected L ~ L’ but
Confy (L) # Confg(L’) for k > 2 [Longoni—Salvatore].
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The model
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Diagonal class

In cohomology, diagonal class

[M] € Hy(M) = 6,[M] € Hy(M x M) 5(x) = (x,x)
o Ay € H>™"(M x M)

Representative in a Poincaré duality model (A, d,¢):
Ap=>(-1)a @3 € (Az A)"

{ai}: graded basis and (a;a") = d; (independent of chosen basis)

Properties

e (a®1)Ax = (1® a)Aa “concentrated around the diagonal”
e A A A Ap i e(A) = x(A) - vola
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The model
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The Lambrechts—Stanley model

Conf,(R") is a formal space, with cohomology [Arnold—Cohen]:

H*(Confk(R”)) = S(Ldij)1§;7gjgk//, degw,—j =n-—1

2
| = <0in = :|:(AJ,‘J‘, Wi = 0, WijWijk +ijwki +Wkiwlj — 0>

Ga(k) conjectured model of Conf (M) = M*k\ Uiz Ajj

e “Generators”: A®% ® S(wij)1<izj<k

e Relations:
e Arnold relations for the wj;
e pi(a)-wj=pi(a)-wy (pi(a)=10  wlaxlw 1)

o dwjj = (pj - P )(An).
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The model
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First examples

Ga(k) = (A% @ S(wj)i<icj<k/J, dwij = (p} - p})(AA))

Ga(0) = R: model of Confo(M) = {@} v

Ga(1l) = A: model of Confy(M) =M

Ga(2) = (A®A®1 ® AR AR w
l1®a@up=a®1l®uwn

Z(ARAR]1 ® A®a AR w2, dwip = Aa® 1)

Z(ARARL © ARw, dwny =Aa®1)

= A%2/(AR)

,dwip = Ap ® 1>
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The model
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Brief history of Ga

1969 [Arnold—Cohen] H*(Confy(R")) &~ "Gy (rny (k)"
1978 [Cohen—Taylor] E? = Gy+(my(k) = H*(Conf(M))
~1994 For smooth projective complex manifolds (= Kahler):
o [KF¥iZ] Gy« (pry(k) model of Conf (M)
e [Totaro] The Cohen—Taylor SS collapses

2004 [Lambrechts—Stanley] A%?/(A4) model of Confa(M) for a
2-connected manifold

~2004 [Félix-Thomas, Berceanu-Markl-Papadima] GL*(M)(k) &~
page E? of Bendersky—Gitler SS for H*(I\/le,U,-# Aj)
2008 [Lambrechts—Stanley] H*(Ga(k)) =5, —gvect H*(Conf(M))

2015 [Cordova Bulens] A®?/(A ) model of Confa(M) for
dimM =2m
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The model
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First part of the theorem

Let M be a smooth, closed, simply connected manifold of dimension
> 4. Then Ga(k) is a model over R of Confy(M) for all k > 0.

dimM >3 = Confy(M) is simply connected when M is (cf.
Fadell-Neuwirth fibrations).

All the real homotopy type of Conf,(M) is contained in (A, d,¢).
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Fulton—MacPherson operad
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Fulton—MacPherson compactification

FM,(k): Fulton-MacPherson compactification of Confy(R")

(+ normalization to deal with R” being noncompact)
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Fulton—MacPherson operad
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Fulton—MacPherson compactification (2)

FMp(k): similar compactification of Confy(M)
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Fulton—MacPherson operad
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Operads

Study all of {Confyx(M)},>0 == more structure.

FM, = {FM,(k)}«>0 is an operad: we can insert an infinitesimal
configuration into another

-

FM, (k) X FM, (1) 25 FMp(k +1—1), 1<i<k
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Fulton—MacPherson operad
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Structure de module

M framed == FMp; = {FMp(k)}k>0 is a right FM,-module: we
can insert an infinitesimal configuration into a configuration on M

-

FMpg(k) x FMa() 2 FMpy(k+1—1), 1<i<k
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Fulton—MacPherson operad
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Cohomology of FM,, and coaction on Ga

H*(FM,) inherits a Hopf cooperad structure
One can rewrite:

Ga(k) = (A®* @ H*(FM,(k))/relations, d)

Proposition
X(M) =0 = Ga = {Ga(k)}«>0 Hopf right H*(FM,)-comodule
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Sketch of proof
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Motivation

We are looking for something to put here:
Ga(k) <= 7 = Q" (FMp(K))
Hunch: if true, then hopefully it fits in something like this!

Ga = 7 —=— Q*(FMpy)
O O O
H*(FM,) +—— 7 —=— Q*(FM,)

Fortunately, the bottom row is already known: formality of FM,
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Sketch of proof
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Kontsevich's graph complexes

[Kontsevich] Hopf cooperad Graphs, = {Graphs,(k)}«>0

€ Graphs,,(3)

@

Theorem (Kontsevich 1999. Lambrechts—Voli¢ 2014)
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Sketch of proof
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Labeled graph complexes

QpAa(M) <~ R = A
\
v Kk

~- labeled graph complex Graphspg:

C) . € Graphsg(1) (where x,y € R)

Recall:

Xy

(@—0> @—oié—doyi(o

+ +

>l @ e
(© o)=L
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Sketch of proof
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Complete version of the theorem

Theorem (I., complete version)
Ga ¢——— Graphsp —— Qf, (FMuy)

of of o
H*(FM,) «—— Graphs,, —— Qf,(FM,)

T When x(M) =0 * When M is framed
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Factorization homology
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Factorization homology

FM,-algebra: space B + maps

FMpo B = | | FMa(k) x B** — B
k>0

— “homotopy commutative” (up to degree n) algebra
Factorization homology of M with coefficients in B:

/ B := FMy opy B =" Tor™ (FMy, B)"
M

= hocoeq(FMp o FM, o B = FMy o B)
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Factorization homology
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Factorization homology (2)

In chain complexes over R:

/ B := C.(FMy) ¢ (py,) B-
M
Formality C.(FM,) ~ H.(FM,) =

Ho(C, (FM,)-Alg) ~ Ho(H. (FM,)-Alg)
B+ B

Full theorem + abstract nonsense —>
~ vV L s
/ B_GA OH*(FM,,)B
M
~~ much more computable (as soon as B is known)
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Factorization homology
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Comparison with a theorem of Knudsen

Theorem (Knudsen, 2016)

U,

. S — %
Lie-Alg = FM,-Alg S Un(g) =~ CEE(Apf (M) ® g)

Abstract nonsense —

C.(FMp)-Alg «+— H,.(FM,)-Alg
Un(g) «— S(Z'""g)

Proposition

Gh o,y S(Z1778) = Gl o e, S(ET ") = CTH(ATT @ g)
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Thank you for your attention!

arXiv:1608.08054
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https://arxiv.org/abs/1608.08054
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