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Goal
¢ We want resolutions of algebras (in a general sense).
o Why?
o Compute homotopical invariants: derived tensor products, derived mapping spaces, André-Quillen homology...
o Define homotopy algebras over operads.
¢ Tool of choice: Koszul duality [Priddy...]

Quadratic algebras

Koszul duals
e Startingdata: A =T(E)/(R),ECRQ®R.
* Koszul dual coalgebra: A' = T¢(ZE, Z?R).
« Often easier to write down Koszul dual algebra: 4' = T(E*)/(R%).
e Examples:
o A=T(E), R =0= A" = E* with trivial multiplication.
o A=S(E)=T(E)/(xy —yx) = A' = A(E*) = T(E")/(aB + Ba).
e Koszul complex: K, = (A ® Ai,d(Ze) = e).
 AisKoszul if H(K,) = 0.
Resolutions
e Bar/cobar: Q: {coaug. coalg. } S {aug. alg. }: B, where
ac =(1(2C),d), BA=(T°(ZA),d)
e Canonical resolution QBA — A... but it is very big!
¢ A quadratic = canonical morphism QA" — A
o [Theorem [Priddy, Positselski]: A is Koszul iff QAi — A is a quasi-isomorphism.
e Get much smaller resolutions:
o A=T(E) = QA = A = T(E) vs. QBA = TT°T(E).
o A=S(E)=> QAi =TA(E) vs. QOBA = TTS(E).

Unital algebras

Koszul duals
e Quadratic-linear-constant algebra: A = T, (E)/(R), Rc E®> D E ® R.
e Koszul dual Ai = (qA‘, d, 9) is a curved dg-coalgebra. To define it:
e Relations split as:
R3T=T(2)+ () + T'(0) EE®2@E®R

SR =d(rp)  =6(r)
o Quadratic part: gA = T(E)/(qR) where qR = proj e:(R)
o Linear part: d: qAl — qAl is a coderivation which extends 7y = —7(q).
o Constant part: 8: qA! - R satisfies d?> = (8 ® id — id ® 6)A and 6d = 0.
e Example:
U(a) = To(®)/(xy — yx = [x,¥]).
qA = 5(g)
d(xy) = [x,y]
o We recognize Ai = CSE(g).
Koszul resolutions
e Bar/cobar Q: {curv. dg. coalg. } 2 {semi. aug. alg}: B, where
Qc = (T.(271C),dy + dy +dy),  BA=(T°(ZA),d, +d,,0)
e Canonical resolution QBA — A... but very big!
e [Theorem [Polischuck—Positselski] If gA is Koszul then QA" — A is a resolution.
o Example: A = U(g) then gA = S(g) is Koszul = QCE(g) - U(g) is a resolution.
e Goal: do this for more general types of algebras (e.g., Poisson algebras).

Quadratic operads

Koszul duals
* Quadratic operad: P = Op(E)/(R) where E € €Seqand R C E o(;) E.

* Example: Com = Op(w)/ (u(#(x, y).z) =u (x,u(y, Z))).
» Koszul dual cooperad: P! = Opc(ZE,ZZR). Koszul dual operad: P' = Op(E*)/(Rl).
e Examples: Ass' = Ass, Com' = Lie, Lie' = Com, PoisL = S"'lPoisn.
* Koszul complex: Kp = (P o(3) P!, d). Acyclic iff P is Koszul.
Koszul resolutions
» Bar/cobar Q: {coaug. cooperads} & {aug. operads}: B, where
ac = (0p°(z7'€),d), BP =(0p(ZA),d)
e Canonical resolution QBP - P... But very big!

o Theorem [Ginzburg—Kapranov, Getzler—Jones, Geztler] If P is quadratic and Koszul, then smaller resolution P, :== QP! > P.
¢ Inthat case, P.-algebras are called “homotopy P-algebras” and have a nicer homotopy theory.
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e Examples: Ass.. = A.., Com.. = C.,, Lie., = L.....
Big resolutions of algebras over operads

e P =0p(E)/(R) a quadratic operad.
e k:Pi — P the twisting morphism (“projection on generators”)
¢ Bar/cobar adjunction Q,: {coaug. Pi coalg} 2 {aug. P alg}: B, where
Q. =(P(z71C),d), B.A=(Pi(z4)d)
e If P is Koszul, then canonical resolution of P-algebras Q,.B,,A - A... but very big!
e Example: g a Lie algebra = B,.g = C5(g), Q,Byg = (LCE, (g), ).
e Goal: smaller resolutions of algebras
Monogenic algebras
Koszul duals
¢ Monogenic P-algebra [Milles]: A = P(V)/(S) where S c E(V) (P = Op(E)/(R)).
e Remark: if P is binary, then monogenic < quadratic.
* Koszul dual coalgebra: A" = 3P'(V, 3S). Dual algebra: A' = P'(V*)/(S4).
e If P = Ass, then classical Koszul duals.
e Example for P = Com: U(A!) = (AASS)! [Lofwall].

e Topological example:
o A=ej(r) = S(w”)1si<jsr/(wijwjk + wjrwy + wikwij), then we get
L — » . " .
o A=p,(r)= ]L(t”)lskjsr/ (I:tljﬁtkl]! [tlk! tij + t]k])-
Koszul resolutions
e A =P({V)/(S) monogenic P-algebra = Koszul complex K; = (A ® A, d(Zv) = v).
e [Theorem [Millés]: If P is quadratic Koszul and A is monogenic Koszul, then Q,. At = A is a resolution of A.

e Get much smaller resolutions of algebras over operads in this way.

e But still restricted to non-unital case.
Unitary operads
Setting
¢ Inspiration: Hirsh-Millés’ Koszul duality of operads with units.
e P =0p(E)/(R)whereR c (E °(1) E) @ E @ Rid with two conditions:
o Minimal generators: R N (E @ Rid) =0
o Maximal relations: R = (R) N ((E °(1) E) DED ]Rid).
e Quadratic version: qP = Op(E)/(qR) where gR = proje:(R).
e Examples:
o uCom = 0p(wn)/ (1 (% u(y.2)) = n(k(x,y),2); u(x.n) = x)-
o cLie =0p(4,c¢)/ (/1 (x,ﬂ(y, Z)) + l(l(x, y),z) + A(y,l(x, z));/l(x, ¢) = 0).
Koszul duals
o P=0p(E)/(R),Ec (Eoq)E) DE @ Rid
Rar= C_@ + tﬁl_), + 30)
CEWE  ¢y(rp))eE  do(r(y)eRid
e Curved Koszul dual dg-cooperad: P' = (qPi,d, 9)
o Quadratic version ¢P = Op(E)/qR where qR = proj.ez(R)

o d: coderivation which extends gPi — 2qR ¢—1>EE

o 0:qPi - X2gR %9 R is the curvature
o d?=(ide(s) 8 — 0 o¢4yid)A(), and 6d = 0.
* Example: quCom = Com X Ry (= big Koszul dual!), d = 0, (u€ o, n¢) = —1.
Koszul resolutions

e Bar/cobar adjunction Q: {curved dg. cooperads} 2 {semi. aug. unit. operads}: B, where
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Q¢ d,0) = (0p(271€),dy + dy +d;),  BP = (0p°(XP),d; + dy,0)
e Canonical resolution QBP — P... but very big!
e [Theorem [Hirsh-Milles] If g is Koszul, then P, = Q(q?i, d,H) — P is a resolution.

e Much smaller than QBXP. For example, P = uAss: generators = A, generators with some inputs plugged by unit, differential = A, with plugged
inputs distributed.

Curved Koszul duality of operadic algebras

Unital operads
e P = 0p(E)/(R) binary quadratic operad
e Unital version uP = Op(E D r])/(R + R') such that:
o E © E @ ninduces an injection P © uP
o quP=P®n
o R’ has only quadratic terms
e Examples: uCom, uAss, ulLie...
Unital algebras
e uP-algebra with QLC relations:
o A=uPWV)/I
o I'=(S)whereS=In(n@®VHEW))
o Sn(ndV)=0
e In particular, § = {x +og(x)+ o (x) | x € qS} where ¢S is the projection onto E(V), ag(x) € Rnpand oy (x) € V.
e Automatically semi-augmented e: A - R
Curved Koszul dual
e Ai = (qA,d,0) with:
o qA = P(V)/(qS) has Koszul dual in sense of Milles gAi = EPi(V,ZqS)
o d:qAl - EPI(V) is the unique coderivation that extends a; ° projgs
o Curvature 8 = ag © projgs
e Satisfies the following:
o d(qAl) c qAi
o Generalization of (id ® 8 — 8 ® id)A = d?, concretely:
d? = yo(ico' 8)o proje) ° A¢
Ac _ _ ®2 ¢o'6 _1 - Yup
*p (0):C = IC(EZ7IC) » 2C(2) @y, (ZVC)" —X2uP(2) @ Tkn ® 71C — X2uP(C)
Koszul resolutions
¢ Bar/cobar adjunction Q,: {curved dg Pi coalgebras} 2 {semi aug P algebras}: B,
e Canonical resolution Q, B, A — A... but very big!

e Koszul morphism QAi — A
e Theorem [I] If gA is Koszul in the sense of Milles, then QAT — A is a resolution.

Applications

Factorization homology
e M framed n-manifold, A: algebra over uE,
e Factorization homology of M with coefficients in A:

f A = hocolim A®K
M

(o) om
e Scary definition, but...
« [Theorem [Ayala-Francis] [, A = Ey oz, A = Toryg, (Ey,A)
e Data is thus separated into three independent pieces + resolution
Formality
e Let us work over R and compute chains
e C, (fMA) =~ C*(EM) o%,,(uEn) C.(A) because chains preserve homotopy colimits
¢ [Theorem [Kontsevich, Tamarkin, Lambrechts-Voli¢, Petersen, Fresse-Willwacher, Boavida-Horel] The operad uE, is formal, i.e., C, (uEn) ~
H.(uE,)
e H, (uEn) = uPois,, encodes unital Poisson n-algebras
Lambrechts-Stanley model
e Let M be a simply connected closed smooth manifold, n = dimM > 4

e P =~ ()*(M) CDGA which satisfies Poincaré duality at the level of cochains
e [Theorem [I]. Model of Ey; (), compatible with operad structure:

A% ® s(wi,-)

1<i#jsr

0F; wj; — (1MW) W) + WK + OO;; (Pf(x) - P,*-(x)) wy;

Gp(r) = ydwij = Ay

e Explicit description:
Gy = CEE(P"™* @ Lie,[1 — nl) + action of Com
e Upshot: C, (fM A) ~ Gy 0%poisn A where A is a uPois,-algebra representing A
Weyl n-algebras
* A= Opoy(T"RUL = n]) = Ry, ., X, 1, -, Ba] with {5} = 851
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This algebra has a QLC presentation as a uPois,-algebra
Quadratic version: gA = IR{[xi, Ej] with trivial bracket. Clearly Koszul!
Koszul dual A" = (qA,d, 8):
o qAl = SC(JEL-, EJ) cofree symmetric coalgebra with trivial cobracket.
o Differentiald = 0 (no linear terms in relations)

o Curvature B(J?i A E]) = —§;; and zero on other basis elements.
Small resolution Q4 = Q, Al = (SLSC(fl-, E})) - A

Much smaller than if we had applied resolutions of operads: Q,.B,,A D SLSCLCS(xL-, Ej), plus resolution of the unit!
Theorem [I, see also Markarian, Doppenschmidt]

o (80 =2 (o

Result is not unexpected: for a quantum observable with values in A4, the "expectation" lives in fMA, and it should be a single number for closed
manifolds.
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