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Foreword
This document gives a quick summary of the courses Introduction to Homotopy Theory

(2019–2020) and Homotopy II (2020–2021) given at Université de Paris as part of the
M2 Mathématiques Fondamentales. They are not complete and the content may still
change or be reorganized. In particular, the 2019–2020 course contained a lot of material
on simplicial sets which were integrated in 2020–2021 into the Homotopy I course of
Vallette [Val20]. The content covered by the Homotopy I course or by the Homology
course is indicated by a symbol 	.

These notes are strongly inspired by lecture notes of Grégory Ginot [Gin19] and follow
almost the same outline. I would also like to thank Jenny Amanda, Carlo Buccisano, Pierre
Elis, Jonah Frébault, Bruno Galvez Araneda, Clémentine Lemarié-Rieusset, Timothée
Moreau, Maxime Ramzi, Tommaso Rossi and Gabriel Saadia for pointing out errors in
the text.

Suggested reading :
– Reviews of algebraic topology and homological algebra : Bredon [Bre93], Hatcher

[Hat02], Saint-Gervais [Sai17], Schapira [Sch15], Spanier [Spa95] et Weibel [Wei94].
– Model categories : Dwyer et Spalinski [DS95] et Hovey [Hov99].
– Simplicial sets : Goerss et Jardine [GJ99] et Friedman [Fri08].
– Rational homotopy theory : Félix, Halperin et Thomas [FHT01], Hess [Hes07],

Félix, Oprea et Tanré [FOT08] et Griffiths et Morgan [GM13].
– Quasi-categories : Lurie [Lur09].

These notes were translated from the French original, in part using automatic transla-
tion software. It has been checked and corrected, but may still contain errors – if you
find any, please let me know !

Najib Idrissi
Université de Paris & IMJ-PRG
Bâtiment Sophie Germain
8 place Aurélie Nemours
75013 Paris
France
najib.idrissi-kaitouni@imj-prg.fr
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1 Model categories

1.1 Motivation

1.1.1 Topological spaces
Let Top denote the category of topological spaces. From now on and unless otherwise

stated, we will only consider continuous functions.

Definition 1.1.1. Two functions f, g : A→ X are homotopic if there exists a function
H : A× [0, 1]→ X such that H(−, 0) = f and H(−, 1) = g. In this case we write f ' g.
We also write [A,X] for the set of homotopy classes of functions A→ X.

Definition 1.1.2. Two spaces are homotopy equivalent (also written X ' Y ) if ∃f :
X � Y : g such that f ◦ g ' idY and g ◦ f ' idX . The maps f and g are then called
homotopy equivalences.

This defines an “equivalence relation” on topological spaces. Homotopy theory is the
study of spaces “up to homotopy”, meaning that we consider two spaces to be “the same”
if they are homotopy equivalent.

The Question : given X,Y , how do we test whether X ' Y ? In general, one uses
homotopy invariants.

Definition 1.1.3. A pointed space is a pair (X, x0) where X is a space and x0 ∈ X. A
pointed map is a map that preserves the base point. We write Top∗ for the category of
pointed topological spaces.

Definition 1.1.4. A pointed homotopy is a homotopy that remains constant on the base
point. We write [(A, a0), (X, x0)] for the set of pointed homotopy classes of pointed maps
(A, a0)→ (X, x0).

Definition 1.1.5. For a space X, we write π0(X) for the set of connected components
of X. Let (X, x0) be a pointed space. We also define the higher homotopy groups by :

πn(X, x0) := [(Sn, ∗), (X, x0)].

This defines functors π0 : Top → Set and πn : Top∗ → Set. Moreover, π1 is a group,
and πn is an abelian group for n ≥ 2.

Proposition 1.1.6. Let f : X → Y be a homotopy equivalence. Then π0(f) is a bijection,
and for all x ∈ X, πn(X, x)→ πn(Y, f(x)) is an isomorphism of groups.
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1 Model categories

Definition 1.1.7. A weak homotopy equivalence is a map satisfying the conclusion of
the preceding proposition. We write ∼−→ for weak homotopy equivalences.

Example 1.1.8. A homotopy equivalence is a weak homotopy equivalence, but the
converse is false : N→ {0} ∪ {1/n | n > 0} is a weak homotopy equivalence but is not a
homotopy equivalence.

Definition 1.1.9. Two spaces X, Y are said to be weakly equivalent if there exists a
zigzag :

X
∼←− X1

∼−→ . . .
∼←− Xn

∼−→ Y.

Proposition 1.1.10. Two weakly equivalent spaces have the same homotopy groups.

The converse is false : for example RP2 × S3 and RP3 × S2 have the same homotopy
groups, but they are not weakly equivalent (since otherwise they would have the same
homology).

Recall : a CW-complex X is a topological space obtained as follows : one starts with a
discrete space X0, then obtains X1 from X0 by attaching cells of dimension 1, etc.

Theorem 1.1.11 (Whitehead [Whi49]). 	 If f : X → Y is a weak homotopy equivalence
between two CW-complexes, then it is a homotopy equivalence.

Example 1.1.12. This is not true if the spaces X and Y are not CW-complexes. Consider
the pseudo-circle P = {g, d, h, b} equipped with the topology whose open sets are :

τ = {∅, {h}, {b}, {h, b}, {g, h, b}, {d, h, b}, P}.

There exists a map f : S1 → P that sends the left point to g, the right point to d, all
points of the upper semicircle to h, and all points of the lower semicircle to b, as in the
following picture :

→ {h, b, d, g}.

One can easily verify that f is a weak homotopy equivalence. However, there is no
map g : P → S1 that is a homotopy inverse of f (all maps P → S1 are constant).

Sketch of proof. Suppose first that f : X → Y is the inclusion of a subcomplex. By
induction, for all cells of Y that are not in X, one can find a homotopy that retracts
that cell into X using the hypothesis. For the general case, one first shows that f is
homotopic to a cellular map, then applies the previous result to the mapping cylinder of
f (cf. Example 1.2.14) which retracts onto Y .

Theorem 1.1.13. 	 Let X be an arbitrary space. Then there exists a CW-complex Z
and a weak homotopy equivalence Z ∼−→ X.

2



1.1 Motivation

We thus have two different frameworks for homotopy theory :
– the “strong” homotopy category, where one formally inverts homotopy equivalences ;
– the “weak” homotopy category, where one formally inverts weak homotopy equiva-

lences.
In the first case, one is closer to what one wishes to study, but it is harder to test
algebraically ; in the second case, it is weaker, but simpler to test algebraically. Whitehead’s
theorem tells us that if we restrict to CW-complexes, the two notions coincide.

In this course, the goal is to generalize this framework to an arbitrary category :
– we will want to define what it means for two objects to be “the same up to

homotopy” ;
– what is a homotopy, and a strong homotopy equivalence ;
– which are the “nice” objects (models) on which it suffices to look at things only up

to weak homotopy.
Another problem we will solve : limits and colimits in Top do not preserve weak

equivalences. For example :

∗ S0 ∗

D1 S0 D1

∼ ∼ ∼

The colimit of the top diagram is ∗ ∪S0 ∗ = ∗, whereas the colimit of the bottom one is
D1 ∪S0 D1 = S1. We will see that the bottom one is better : the maps composing it are
inclusions of subspaces.

1.1.2 Chain complexes
Here is another example of a framework in which one can do homotopical algebra. Let

R be a commutative ring.

Definition 1.1.14. A chain complex is a diagram of R-modules :

. . .
d−→ Ci

d−→ Ci−1
d−→ . . .

satisfying d ◦ d = 0. A morphism is a morphism of diagrams. We write Ch(R) for the
category of chain complexes. We also write Ch≥0(R) for the full subcategory of chain
complexes C satisfying Ci = 0 for i < 0.

Definition 1.1.15. Two morphisms f, g : C → D are homotopic (written f ' g) if there
exists a sequence of maps h : Cn → Dn+1 such that f − g = hd+ dh.

Definition 1.1.16. A homotopy equivalence is a pair of maps f : C � D : g such that
f ◦ g ' idD and g ◦ f ' idC .

Proposition 1.1.17. A homotopy equivalence induces an isomorphism in homology.

3



1 Model categories

Definition 1.1.18. A quasi-isomorphism is a morphism of chain complexes that induces
an isomorphism in homology. Two chain complexes C,D are said to be quasi-isomorphic
if there exists a zigzag of quasi-isomorphisms :

C = X0
∼←− X1

∼−→ X2
∼←− . . .

∼−→ Xn = D.

Remark 1.1.19. A quasi-isomorphism is not necessarily a homotopy equivalence. The
following example defines a quasi-isomorphism that is not a homotopy equivalence :

C = . . . 0 Z Z 0 . . .

D = . . . 0 0 Z/2Z 0 . . .

f

·2

We have H0(C) = H0(D) = Z/2Z and Hi(C) = Hi(D) = 0 for all i 6= 0, and f does
indeed induce an isomorphism. However, there is no nonzero morphism D → C, and
hence no homotopy inverse of f .

One can thus study chain complexes up to homotopy equivalence, or up to quasi-
isomorphism. Which are the “nice” complexes for which these coincide ?

Definition 1.1.20. A R-module P is said to be projective if for every surjection p : A→ B
and every map f : P → B, there exists a lifting g : P → A such that p ◦ g = f .

Example 1.1.21. For R = Z, the (finitely generated) projective R-modules are the free
modules Zn.

Definition 1.1.22. A R-module I is said to be injective if for every injection i : A→ B
and every map f : A→ I, there exists an extension g : B → I such that g ◦ i = f .

Example 1.1.23. For R = Z, the injective R-modules are the divisible abelian groups.

Proposition 1.1.24. 	 Let f : C → D be a quasi-isomorphism of chain complexes
concentrated in non-negative degrees.

– If D is projective in every degree, then f is a homotopy equivalence.
– If C is injective in every degree, then f is a homotopy equivalence.

We thus have three possible frameworks for homotopy theory in chain complexes :
– The “strong” framework, where one works up to homotopy equivalence and all

objects are “nice”.
– The “projective” framework, where one works up to quasi-isomorphism, the “nice

objects on the source side” are projective complexes and all modules are “nice on
the target side”. Every R-module M has a projective resolution P∗ → M . These
projective resolutions play the role of CW-complexes in this framework.

4



1.2 (Co)fibrations

– The “injective” framework, where one works up to quasi-isomorphism, all modules
are “nice on the source side” and the “nice objects on the target side” are injective
modules. Every module M has an injective resolution M → I∗. These injective
resolutions play a dual role to CW-complexes in this framework.

We will also see how to resolve the problems that arise when certain functors do not
preserve quasi-isomorphisms. This is the case for the functor ⊗, which is only right exact.
The correct version from a homotopical point of view is its left derived functor, the
functor Tor (which involves a projective resolution, i.e. one works in the first framework).
One can begin by showing by induction that every module has a projective resolution.
Then one shows a certain lifting property, which allows one to conclude that any two
projective resolutions are homotopic. One then defines Tor(M,N) as Hi(P∗ ⊗N) where
P∗ is a projective resolution of M . Since any two projective resolutions are homotopic
and Tor preserves homotopies (but not quasi-isomorphisms), one deduces that this is
well defined.

This is also the case for the functor Hom, which is only left exact. Its correct version
from a homotopical point of view is its right derived functor, Ext (which involves either
a projective resolution of the source, in which case one works in the first framework, or
an injective resolution of the target, in which case one works in the second framework).
In each of the two cases, to obtain a “correct” functor, one first resolves the object to
which it is applied, then applies the original functor. Since module categories are abelian,
resolutions go through chain complexes. In the setting of non-abelian categories (for
example, algebras), this no longer necessarily works as such ; one of the goals of Quillen’s
“homotopical algebra” is to provide a framework in which one can make sense of these
resolutions.

1.2 (Co)fibrations
We have seen previously that in chain complexes, what mattered from a homotopical

point of view was knowing whether maps were injective/surjective and knowing whether
one could « lift » a map along an injection/surjection. We will briefly recall the analogue of
injections and surjections in the category of topological spaces, their abstract properties,
and use them as a basis for defining the notion of a model category.

1.2.1 Long exact sequences

Let 0 → A
i−→ B

p−→ C → 0 be a short exact sequence of chain complexes, i.e. i is
injective, p is surjective, and ker p = im i. Then we have an induced long exact sequence :

· · · → Hn(A) i∗−→ Hn(B) p∗−→ Hn(C) ∂−→ Hn−1(A)→ · · · → H0(C)→ 0.

The maps i∗ and p∗ are simply the induced maps. The map ∂ can be constructed in two
ways :

5



1 Model categories

– One defines C(i), the cone of i, as the complex given in degree n by Bn ⊕ An−1,
with differential d(b, a) = (dBb+ i(a), dAa). One checks (exercise) that this cone is
quasi-isomorphic to C, which follows from the fact that i is injective. Moreover,
there is a projection C(i)→ A[−1] which induces ∂ in homology.

– One defines K(p), the homotopy kernel of p, as the complex given in degree n by
Bn ⊕ Cn+1, with differential d(b, c) = (dBb, p(b) + dCc). One checks (exercise) that
K(p) is quasi-isomorphic to A, which follows from the fact that p is surjective.
Moreover, there is an injective map C[1] → K(p), c 7→ (0, c) which induces ∂ in
homology.

These are the notions we will generalize to topological spaces.

1.2.2 Fibrations
Definition 1.2.1. A (Hurewicz) fibration is a continuous map p : E → B such that for
every space X and all maps H̃0 and H in the following diagram, one can find a lift H̃ :

X × {0} E

X × [0, 1] B

∼

f̃

p

H

H̃

Concretely, this means that if one has a homotopy H : X× I → B between f, g : X → B
and a map f̃ : X → E that lifts f (i.e. p ◦ f̃ = f), then one can find a homotopy H̃ that
lifts H (and thus g̃ = H̃(−, 1) lifts g).

Definition 1.2.2. A Serre fibration is a map p : E → B that satisfies the above lifting
property for X = [0, 1]n (for all n ≥ 0).

A (Hurewicz) fibration is a Serre fibration. The converse is false : e.g. the « universal
covering » – constructed in the usual way – of the Hawaiian earring is not a Hurewicz
fibration.

Example 1.2.3. A covering is a Serre fibration. A projection p : F × B → B is a
fibration. More generally, a fiber bundle is a Serre fibration ; if the base is paracompact
(i.e. Hausdorff and every open cover admits a locally finite refinement), then it is a
Hurewicz fibration.

Proposition 1.2.4. 	 The pullback of a fibration (Serre or Hurewicz) is a fibration
(Serre or Hurewicz).

Example 1.2.5. Let f : X → Y be a continuous map. One defines its path space :

Pf = Y [0,1] ×Y X = {(γ, x) ∈ Y [0,1] ×X | γ(0) = f(x)}

6



1.2 (Co)fibrations

Then ev1 : Pf → Y , ev1(γ, x) = γ(1) is a Hurewicz fibration : if one has a commutative
diagram

A× {0} Pf

A× [0, 1] Y

(γ,ϕ)

ev1

ψ

then one can define a lift λ : A× [0, 1]→ Pf by

λ(a, t) =
(
γ(a) · ψ(a,−)|[0,t], ϕ(a)

)
.

Note that f factors as X ∼
↪−→ Pf

ev1−−→ Y : this allows one to « replace » any map by an
equivalence followed by a fibration.

Proposition 1.2.6. 	 Let p : E → B be a fibration. If B is path-connected, then all
spaces Eb = p−1(b) are homotopy equivalent.

One generally denotes by F the fiber of p. The following proposition says roughly that
fibrations are the « short exact sequences » in topological spaces :

Proposition 1.2.7. 	 Let p : E → B be a Serre fibration and suppose that B is path-
connected. Let b0 ∈ B be a point, F = p−1(b0) the fiber above b0, and f0 ∈ F a point.
Then we have a long exact sequence :

· · · → πn(F, f0)→ πn(E, f0)→ πn(B, b0)→ πn−1(F, f0)→ . . .

Remark 1.2.8. This generalizes the long exact sequence in homology associated to a short
exact sequence of chain complexes. Indeed, for a surjective linear map p : X → Y , the
« fibers » p−1(Y ) are all isomorphic to the kernel.

1.2.3 Cofibrations
Fibrations are interesting when one looks at what happens « on the right » in the

functor Hom(−,−). Let us now look at the dual case, cofibrations, which are interesting
« on the left ».

Definition 1.2.9. A (Hurewicz) cofibration is a continuous map i : A→ X such that
for every space Y and all maps f , h in the following diagram, the lift H exists :

A Y [0,1]

X Y

i

h

ev0

f

H

Concretely, this means that if one has a map f : X → Y and a homotopy between the
« restriction » f ◦ i = f |A and another map A→ Y , then one can extend this homotopy
to X.

7



1 Model categories

Proposition 1.2.10 ([Hat02, Proposition 4H.1]). 	 Let i : A → X be a cofibration.
Then it is a homeomorphism onto its image.

Démonstration. Consider the retraction r : X × [0, 1]→ X × {0} ∪ A× [0, 1] from the
previous question.

Let C be the mapping cylinder of i (Example 1.2.14), given by the quotient (A ×
[0, 1] ∪X)/ ∼ where (a, 0) ∼ i(x). We define a diagram :

A C [0,1]

X C

h

i ev0

f

where h(a, t) = [a, t] and f(x) = [x]. Since i is a cofibration, there exists H : X →
C [0,1] such that H(i(a))(t) = h(a)(t) = [a, t] and H(x)(0) = f(x) = [x]. We have
a 6= a′ =⇒ [a, 1] 6= [a′, 1] =⇒ i(a) 6= i(a′), so i is injective. Moreover, g = h(−)(1) is a
homeomorphism onto its image A×{1}, so by commutativity of the diagram g−1◦H(−)(1)
is a continuous inverse of i.

Proposition 1.2.11. 	 An inclusion i : A ↪→ X is a cofibration if and only if X × [0, 1]
retracts onto X × {0} ∪ A× [0, 1].

Démonstration. One implication is clear : if i is a cofibration, then one can find a lift
(where h(a)(t) = i(a)) :

A X [0,1]

X X

i

h

ev0

idX

H

Then r(x, t) = H(x)(t) defines a retraction of the inclusion X × {0} ∪ A× [0, 1]. Indeed,
r(x, 0) = H(x)(0) = ev0(H(x)) = idX(x) = x and r(i(a), t) = H(i(a))(t) = h(a)(t) =
i(a).

Conversely, let r : X × [0, 1]→ X × {0} ∪ A× [0, 1] be a retraction of the inclusion.
Consider a commutative diagram as in Definition 1.2.9. One can find a lift X× [0, 1]→ Y
by considering the composite

X × [0, 1] r−→ X × {0} ∪ A× [0, 1] (f,h)−−→ Y.

Proposition 1.2.12 ([Die08, Problem 1]). 	 Let i : A ⊂ X be a cofibration. If X is
Hausdorff then A is closed.

Démonstration. Consider the retraction r : X × [0, 1]→ X × {0} ∪ A× [0, 1] from the
previous proposition. Then

A = {x ∈ X | r(x, 1) = (x, 1)} = ϕ−1(∆)

where ∆ ⊂ (X × [0, 1])2 is the diagonal and ϕ(x) = (r(x, 1), (x, 1)). Now X × [0, 1] is
Hausdorff so its diagonal is closed, which allows us to conclude.
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1.2 (Co)fibrations

Example 1.2.13. The inclusion of a cellular subcomplex is a cofibration. One constructs
by induction on the skeleton a retraction as in the previous lemma. (In fact all cofibrations
are retracts of such inclusions.)

Example 1.2.14. 	 Let f : A→ X be a map. One defines its mapping cylinder :

Cylf =
(
A× [0, 1] tX

)
/∼.

The relation ∼ is generated by (a, 0) ∼ f(a). We denote by [x], respectively [a, t], the
equivalence classes in Cylf .

The inclusion A = A× {1} ⊂ Cylf is then a cofibration. Indeed, one can construct a
retraction r : Cylf ×[0, 1]→ Cylf ×{0} ∪A× {1} × [0, 1] as follows. Choose a retraction
ρ : [0, 1]2 → U where

U = {0} × [0, 1] ∪ [0, 1]× {0} ∪ {1} × [0, 1] = ⊂ [0, 1]2.

One then defines :

r : Cylf ×[0, 1]→
(
Cylf ×{0}

)
∪
(
A× {1} × [0, 1]

)
,

([x], t) 7→ ([x], 0),

([a, s], t) 7→


([f(a)], 0), if ρ(s, t) = (0, τ),
([a, σ], 0), if ρ(s, t) = (σ, 0),
([a, 1], τ), if ρ(s, t) = (1, τ).

Moreover, f : A ↪→ Cylf
p−→
∼
X factors as a cofibration followed by a weak equivalence

(p([x]) = x, p([a, t]) = f(a)) passing through Cylf . This allows one to « replace » any
map by a cofibration up to equivalence.

Remark 1.2.15. Let γ : A t A→ A be the obvious map. Let f, g : A→ X be two maps.
A homotopy between f and g is exactly the data of a map H : Cylγ → Y such that the
composite A t A→ Cylγ → X is given by (f, g).
Remark 1.2.16. This last statement dualizes but is slightly more involved. Let f, g : A→
X be two maps. Let δ : X → X ×X be the diagonal and consider the path space Pδ.
Then a map H : X → Pδ satisfying ev0 ◦H = f and ev1 ◦H = g is equivalent to the
data of a third map u : A→ X together with two homotopies f ' u and u ' g.

Definition 1.2.17. Let (X,A) be a pair of spaces, let a0 ∈ A be a basepoint, and
let n ≥ 1. The nth relative homotopy group is the set of maps γ : [0, 1]n → X such
that γ(∂[0, 1]n) ⊂ A and γ

(
∂[0, 1]n \ ([0, 1]n−1 × {0})

)
= {a0}, modulo the relation of

homotopy rel A. It is a group for n ≥ 2, and is abelian for n ≥ 3.

Remark 1.2.18. One sometimes defines π0(X,A) as the set of path-connected components
that do not meet A. One may also consider π0(X,A) as simply undefined.
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1 Model categories

Proposition 1.2.19. 	 Let (X,A) be a pair of topological spaces. Then we have a long
exact sequence :

. . . πn(A)→ πn(X)→ πn(X,A)→ πn−1(A)→ . . .

Proposition 1.2.20. 	 If i : A → X is a cofibration, A is r-connected and X is
s-connected, then πn(X,A) ∼= πn(X/A) for n ≤ r + s and πr+s+1(X,A)→ πr+s+1(X/A)
is surjective.

Remark 1.2.21. In general, πn(X,A) 6= πn(X/A). For example, πn(D2, S1) = 0 if n 6= 2
and π2(D2, S1) = Z, whereas π3(D2/S1) = π3(S2) = Z/2Z.

1.3 Axiomatization
Definition 1.3.1 (Quillen [Qui67]). A model category 1 is a category M equipped with
three classes of morphisms :

Class Name of elements Notation
W Weak equivalences ∼−→
C Cofibrations ↪→
F Fibrations �

satisfying the following axioms :
(MC1) M is complete and cocomplete ;
(MC2) 2 out of 3 : Let f and g be two composable morphisms ; if two of the morphisms

f , g and g ◦ f are in W , then so is the third ;
(MC3) If f is a retract of g and g ∈ W (resp. F , C ) then f ∈ W (resp. F , C ) ;
(MC4) Consider the commutative diagram formed by the solid arrows :

A X

B Y

i p

(i) If i ∈ C and p ∈ F ∩W then a lift (dashed arrow) exists ;
(ii) If i ∈ C ∩W and p ∈ F then a lift exists ;

(MC5) Every morphism f : X → Y admits two factorizations, functorial in f :

X Pf Y X Cf Y∼ ∼

Remark 1.3.2. In axiom (MC4), the lift is in general not unique.
1. Quillen called them closed model categories.
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1.3 Axiomatization

Definition 1.3.3. The elements of C ∩W are called acyclic cofibrations, and those of
F ∩W are called acyclic fibrations. 2

Definition 1.3.4. In the diagram of (MC4), if the dashed arrow always exists, we say
that i has the left lifting property (LLP) with respect to p, and that p has the right lifting
property (RLP) with respect to i. We sometimes write i ⊥ p.

Remark 1.3.5. By (MC1), the category M has an initial object ∅ (the empty colimit)
and a terminal object ∗ (the empty limit).

Definition 1.3.6. An object X ∈ M is said to be cofibrant if the unique morphism
∅→ X is a cofibration, and fibrant if the unique morphism X → ∗ is a fibration.

Remark 1.3.7. Every object admits functorial fibrant and cofibrant replacements by
(MC5) :

∅ Q(X) X Y R(Y ) ∗∼ ∼

Example 1.3.8. Let M be an arbitrary category. Then for W = {isomorphisms} and
C = F = M we obtain a model category. One can also choose (W ,C ,F ) = (isos,M, isos)
or the dual.

Example 1.3.9. Let (M,W ,C ,F ) be a model category.
– The product of M with another model category admits an obvious model category

structure.
– (Mop,W op,F op,C op) is a model category.

Proposition 1.3.10. Let (M,W ,C ,F ) be a model category.
– i is a cofibration ⇐⇒ i satisfies the LLP with respect to all acyclic fibrations.
– i is an acyclic cofibration ⇐⇒ i satisfies the LLP with respect to all fibrations.
– p is a fibration ⇐⇒ p satisfies the RLP with respect to all acyclic cofibrations.
– p is an acyclic fibration ⇐⇒ p satisfies the RLP with respect to all cofibrations.
– f is a weak equivalence ⇐⇒ f factors as p ◦ i where p is an acyclic fibration and
i is an acyclic cofibration.

Corollary 1.3.11. Let (M,W ,C ,F ) be a model category.
– The data of two of the classes W , C and F determines the third.
– The classes W , C and F are closed under composition.
– The classes C and C ∩W are closed under pushout, and the classes F and F ∩W

are closed under pullback.
– Isomorphisms belong to all three classes W , C and F .

2. One sometimes finds “trivial cofibrations” and “trivial fibrations”, but it is better to avoid this
terminology as it is reminiscent of trivial fiber bundles, i.e. products.
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1 Model categories

Proof of Proposition 1.3.10. The first four points are proved in nearly identical fashion.
Let us prove the first one. The =⇒ direction follows from (MC4). Now let i : A→ B
be a map with the LLP with respect to all acyclic fibrations. By (MC5), we can factor
i as A ↪→ X

∼−→→ B. Using the LLP of i, we can find h making the following diagram
commute :

A X

B B

i ∼h

We then see that i is a retract of A ↪→ X and conclude by (MC3) :

A A A

B X B

i i

h

idB

∼

For the fifth point, we use (MC2) in both cases.

Proof of Corollary 1.3.11. – Clear by the proposition.
– The fact that W is closed under composition follows from (MC2). Let us show for

example that C is closed under composition. Let A i
↪−→ B

j
↪−→ C be two cofibrations.

We show that j ◦ i has the LLP with respect to acyclic fibrations. We find lifts in
the following diagram in two steps (first l then l′) :

A X

B

C Y

i

∼

j

l

l′

– The proof of stability under pushout and pullback is similar.
– It is clear that an isomorphism has the LLP and the RLP with respect to any

map.

We will not prove the following examples right away.

Example 1.3.12 (Quillen [Qui67]). Top has a model category structure where the weak
equivalences are the weak homotopy equivalences, the fibrations are the Serre fibrations,
and the cofibrations are the retracts of generalized cellular inclusions. 3 All objects are
fibrant, and the cofibrant objects are the retracts of generalized CW-complexes.

3. That is, maps i : A→ B where B = colim Bn, B0 = A, and Bn+1 is obtained from Bn by attaching
cells.
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1.4 Homotopy category

Example 1.3.13 (Strøm [Str72]). Top has another model category structure where the
weak equivalences are the homotopy equivalences, the cofibrations are the retracts of
closed Hurewicz cofibrations, and the fibrations are the Hurewicz fibrations. Every object
is fibrant and cofibrant.

Example 1.3.14 (Cole [Col06]). There also exists a “mixed” model category structure
on Top whose weak equivalences are the weak homotopy equivalences (Quillen structure)
and whose fibrations are the Hurewicz fibrations (Strøm structure). The cofibrations are
the cofibrations of the Strøm structure that factor as f ◦ i where i is a cofibration of the
Quillen structure and f is a (strong) homotopy equivalence.

Example 1.3.15. The category Ch(R) has several model category structures :
– the projective structure : W = {quasi-iso}, C = {injections with projective

cokernel}, F = {surjections} ;
– the injective structure : W = {quasi-iso}, C = {injections}, F = {surjections with

injective kernel} ;
– a third structure “in the style of Strøm” : W = {homotopy equivalences}, C =

LLP(BI ev0−−→ B), F = RLP(A i0−→ A⊗ I) where I = N∗(∆1).
The projective structure generalizes to Ch≥0(R), by replacing surjections with surjections
in degree ≥ 1.

1.4 Homotopy category
1.4.1 Localization
General case

Let M be a category and W a class of morphisms.

Definition 1.4.1 ([GZ67]). A (Gabriel–Zisman) localization of M with respect to
W is a category M[W −1] equipped with a functor λ : M → M[W −1] satisfying the
following universal property : for every functor F : M→ D, if F sends the morphisms
of W to isomorphisms, then there exists a unique (up to natural isomorphism) functor
G : M[W −1]→ D such that G ◦ λ ∼= F .

Remark 1.4.2. In particular, the morphisms of W are sent to isomorphisms in M[W −1].
The converse is false in general, but we will see that it holds for model categories.

Proposition 1.4.3. 	 The localization M[W −1] exists and is unique up to equivalence.
We also denote it Ho(M) when W −1 is implicit.

Remark 1.4.4. This proposition is only approximately true. Indeed, in the proof that
follows, the morphisms between two objects do not necessarily form a set ! We will see
later that in a model category, the morphisms in the homotopy category always form a
set.
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1 Model categories

Proof of Proposition 1.4.3. Let us explicitly describe the category Ho(M). Its objects are
the same as those of M. The morphisms of Ho(M) are given by the quotient

HomHo(M)(X,Y ) = PathW (X,Y )/∼,

where :
– PathW (X,Y ) is the class of “paths” between X and Y formed by morphisms of M

and morphisms of W in the reverse direction ;

– the relation ∼ is generated by X f−→ Y
f←−
∼
X ∼ X and X

f−→ Y
g−→ Z ∼ X

g◦f−−→ Y .
Composition is given by concatenation of paths. One verifies that this forms a category
and that M → M[W −1] (which sends morphisms to paths of length 1) is a functor
satisfying the universal property.

The problem with this construction (aside from the set-theoretic issue) is that it is very
difficult to perform computations. For example, determining whether two morphisms are
equal in Ho(M) is a non-trivial problem.

Example 1.4.5. A category M is said to be concrete if there exists a faithful functor
M → Set. This is the case for many categories we are accustomed to working with :
topological spaces, groups, etc. Let M = Top and W the class of weak equivalences. A
theorem of Freyd [Fre70] states that Ho(Top) is not concrete.

Remark 1.4.6 (Exercise). There is another construction, slightly less ad hoc (but it is
equally difficult to perform computations with it). Let M be a category and W a class of
morphisms. Denote by Arr the category with two objects x, y and a unique non-trivial
morphism x → y. Denote also by Iso the category with two objects x, y and two non-
trivial morphisms x→ y and y → x inverse to each other. There is an obvious inclusion
Arr ⊂ Iso. The data of a functor Arr→ M is equivalent to the data of a morphism of M,
while a functor Iso → M is equivalent to the data of an isomorphism of M. One then
verifies that the localization M[W −1] is equivalent to the pushout :

⊔
f∈W Arr M

⊔
f∈W Iso M[W −1]

p

Example 1.4.7 (Exercise). Let M be a category having a unique object ∗ and let
M = HomM(∗, ∗) be its endomorphism monoid. Set W = M . Then M[W −1] is the
category with one object whose endomorphism monoid is M+, the group completion of
M .

Example 1.4.8 (Exercise). Let F : M→ D be a functor having a right adjointG : D→ M.
Let W = {f : X → Y | F (f) is an isomorphism} ⊂ M. The following statements are
equivalent :

14



1.4 Homotopy category

– the functor G is fully faithful ;
– the counit F ◦G⇒ idD is an isomorphism ;
– the natural functor M[W −1]→ D is an equivalence of categories.

Example 1.4.9 (Exercise). Let M = Ab = ModZ be the category of abelian groups,
viewed as Z-modules. Let p be a prime number. Define the class W as the morphisms
f : X → Y such that ker f and coker f are p-torsion. Then the localization ModZ[W −1] '
ModZ[ 1

p
] is equivalent to the category of Z[ 1

p
]-modules.

Remark 1.4.10 (Exercise : right fractions). Suppose that the class W satisfies the following
properties :

– W is closed under composition ;

– for every diagram A
w←− C

f−→ B where w ∈ W , one can complete the following
square, where w′ ∈ W :

C

A B

C ′

w
∼

f

f ′ w′
∼

– for all f, g : A → X, if there exists w ∈ W such that f ◦ w = g ◦ w, then there
exists w′ ∈ W such that w′ ◦ f = w′ ◦ g.

Then the localization M[W −1] can be described as follows. Its objects are the same as
those of M. The morphisms A→ X are zigzags of length 2 of the form A→ X ′ ← X,
where the arrow going in the wrong direction is in W , modulo the following equivalence
relation. Two zigzags A→ X ′ ← X and A→ X ′′ ← X are equivalent if one can complete
the following diagram :

X ′

A X̄ X

CX ′′

where the arrow X → X̄ is in W . Composition is defined using the second property
above.

In a model category

Definition 1.4.11. Let (M,W ,C ,F ) be a model category. We define its homotopy
category by Ho(M) = M[W −1].

Remark 1.4.12. The homotopy category obviously depends only on the class W , not on C
and F . This is where we see the idea that fibrations and cofibrations are merely auxiliary
data serving to study the object we are truly interested in, namely the homotopy category
of M.
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1 Model categories

Definition 1.4.13. We define the full subcategories Mc,Mf ,Mcf ⊂ M generated respec-
tively by the cofibrant objects, by the fibrant objects, and by the cofibrant and fibrant
objects. We also define their homotopy categories as their localizations with respect to
W .

Lemma 1.4.14. The inclusions induce equivalences of categories :

Ho(Mc)

Ho(Mcf ) Ho(M)

Ho(Mf )

∼∼

∼ ∼

Démonstration. We treat the case Mf ⊂ M ; the others are similar. The inclusion Mf ⊂ M
sends weak equivalences to weak equivalences by definition. It therefore induces a functor
Ho(Mf)→ Ho(M). The “fibrant replacement” functor R : M→ Mf similarly induces a
functor Ho(M)→ Ho(Mf ). One then verifies using the axioms of model categories that
these functors are inverse (up to natural equivalence) to each other.

1.4.2 Homotopies
We will now show that HomHo(M)(A,X) forms a set that can be described as a quotient

of a set of morphisms in M by a homotopy relation. Note that there are two dual notions
of homotopy, one on the left (for the source) and one on the right (for the target).

Left homotopy

Definition 1.4.15. A cylinder of A ∈ M is a factorization

A t A ↪→ C
∼−→ A

of the canonical map A t A→ A. We denote by i0, i1 : A→ C the two components of
the cofibration.

Definition 1.4.16. Let f, g : A → X be two morphisms. A left homotopy between f

and g is the data of a cylinder A t A
(i0,i1)
↪−−−→ C

∼−→ A and a map H : C → X such that
H ◦ i0 = f and H ◦ i1 = g, which can be summarized by the following diagram :

A t A C X

A

(f,g)

(id
A ,id

A )

∼
H

If such an H exists, we write f 'l g.
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1.4 Homotopy category

Example 1.4.17. 	 In Top with the Quillen model structure, one can for instance
choose C = A× [0, 1] when A is cofibrant. A left homotopy is exactly what is usually
called a homotopy.

Example 1.4.18. 	 In Ch(R) with the injective model structure, let A∗ be a chain
complex. One can choose as cylinder Cn = An ⊕ An ⊕ An−1 with d(x, y, z) = (dx +
(−1)nz, dy − (−1)nz, dz). A homotopy f ' g : A → X is equivalent to the data of
h : An−1 → Xn such that dh± hd = f − g (exactly the usual definition).

Remark 1.4.19. In general it is not possible to choose a cylinder once and for all ; two
maps may be left homotopic with respect to one cylinder but not with respect to another
that has been fixed in advance.

Proposition 1.4.20. If f 'l g : A→ X then h ◦ f 'l h ◦ g : A→ Y for every morphism
h : X → Y .

Démonstration. Let H : C → X be a homotopy between f and g. Then h ◦ H is a
homotopy between h ◦ f and h ◦ g.

Lemma 1.4.21. If AtA ↪→ C
∼−→ A is a cylinder and A is cofibrant, then i0, i1 : A→ C

are acyclic cofibrations.

Démonstration. We first note that A→ AtA is a cofibration, since it is the pushout of :

∅ A

A A t A

Since i0 is the composite of two cofibrations, it is a cofibration. Axiom (MC2) implies
that it is acyclic :

A A t A C A

i0

∼

Proposition 1.4.22. If A is cofibrant, then 'l defines an equivalence relation on
HomM(A,X).

Démonstration. We verify the properties one by one.
– Reflexivity : Let f : A→ X and let AtA→ C

∼−→ A be any cylinder, obtained for
instance by (MC5). Then H : C ∼−→ A

f−→ X is a homotopy between f and f .
– Symmetry : If f 'l g via a homotopy H : C → X, then we define a new cylinder
A t A ∼= A t A ↪→ C → A where the first morphism exchanges the two factors.
The morphism H ′ obtained by composing H with this exchange then defines a
homotopy between g and f : H ′ ◦ i0 = H ◦ i1 = g and H ′ ◦ i1 = H ◦ i0 = f .
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1 Model categories

– Transitivity : This is where we need the hypothesis “A is cofibrant”. Suppose f 'l g
and g 'l h via homotopies H : C → X and H ′ : C ′ → X. We construct a new
cylinder C ′′ as a pushout (draw a picture : we are gluing two cylinders) :

A C ′

C C ′′

i1∼

i′0
∼

The morphisms C → C ′′ and C ′ → C ′′ are acyclic cofibrations (as pushouts of
acyclic cofibrations). The universal property induces a morphism C ′′ → A, which
is a weak equivalence by (MC2) (C ∼−→ C ′′ → X is a weak equivalence). One
verifies that this gives a cylinder by factoring (i0, i′1) as a cofibration followed by
an acyclic fibration. Moreover, again by the universal property, H and H ′ induce
H ′′ : C ′′ → X which restricts to f and h, i.e., it is a homotopy f 'l h.

Proposition 1.4.23. Let A be a cofibrant object and h : X ∼−→ Y a weak equivalence. If
h is an (acyclic) fibration or if X and Y are fibrant, then h∗ is a bijection :

h∗ : HomM(A,X)/'l → HomM(A, Y )/'l.

Démonstration. By the previous proposition, h∗(f) = h ◦ f passes to the quotient.
– Suppose that h : X ∼−→→ Y is an acyclic fibration. Surjectivity of h∗ follows immedia-

tely from (MC4). For injectivity, suppose that f, g : A → X are two morphisms
such that h ◦ f 'l h ◦ g. Let A t A ↪→ C

∼−→ A be a cylinder and H : C → Y a
homotopy between h ◦ f and h ◦ g. We can find a lift :

A t A X

C Y

(f,g)

h∼

H

K

and K is a homotopy between f and g.
– Now suppose that X and Y are fibrant. We will deduce bijectivity from the previous

case using Brown’s Lemma (see Lemma 1.6.6 for the general statement). We have
just shown that F = HomM(A,−)/'l sends acyclic fibrations to bijections. Let us
show that it then sends weak equivalences between fibrant objects to bijections as
well. We can factor the morphism (idX , h) : X → X × Y as X ∼

↪−→ W →→ X × Y .
Since X and Y are fibrant, the morphisms X ← X × Y → Y are fibrations (as
pullbacks of fibrations). We obtain the following diagram :

X

W

Y X × Y X

h
∼

i ∼ idX

∼

π

pY

pX
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1.4 Homotopy category

– pY ◦ π is an acyclic fibration by (MC2), so F (pY ◦ π) : F (W ) → F (Y ) is a
bijection ;

– similarly F (pX ◦ π) : F (W )→ F (X) is a bijection ;
– pX ◦ π ◦ i is the identity, so F (pX ◦ π ◦ i) is the identity, hence in particular a

bijection ; since F (pX ◦ π) is a bijection, we deduce that F (i) is a bijection ;
– finally, F (h) = F (pX ◦ π) ◦F (i) is a bijection as a composite of two bijections.

Proposition 1.4.24. If X is fibrant, f 'l g : A → X and h : B → A is a morphism,
then f ◦ h 'l g ◦ h.

Démonstration. Let AtA ↪→ C
∼−→ A be a cylinder and H : C → X a homotopy between

f and g. Factor C ∼−→ A as C ∼
↪−→ C ′ ∼−→→ A by (MC5) (and by (MC2) both morphisms are

weak equivalences). Since X is fibrant, we can find H ′ such that :

C X

C ′ ∗

H

∼
H′

Then H ′ : C ′ → X is still a homotopy between f and g. The advantage being that we
have a cylinder of the form A t A ↪→ C ′ ∼−→→ A.

Now, let B tB ↪→ D
∼−→ B be a cylinder for B. We can find a lift G :

B tB A t A C ′

D B A

hth

∼

∼

G

h

One then verifies that H ◦G is a homotopy between f ◦ h and g ◦ h.

Right homotopy

Everything can also be dualized. All the statements and proofs that follow are formally
dual to those of the previous section.

Definition 1.4.25. A path object of X ∈ M is a factorization

X
∼−→ P →→ X ×X

of the canonical map X → X ×X. We denote by p0, p1 : P → X the two components of
the fibration.

Example 1.4.26. 	 In Top with the Quillen model structure, a path object of a
CW-complex X is given by X [0,1].

Example 1.4.27. In Ch≥0(R) with the projective model structure, let A∗ be a chain
complex. A path object of a chain complex can be given by Cn = An ⊕ An ⊕ An+1 with
d(x, y, z) = (dx, dy, dz + y − x).
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1 Model categories

Definition 1.4.28. Let f, g : A→ X be two morphisms. A right homotopy between f

and g is the data of a path object X ∼−→ P
(p0,p1)−−−−→→ X ×X and a map H : A → P such

that p0 ◦H = f and p1 ◦H = g, which can be summarized by the following diagram :

A P X ×X

X

H

(f,g)

∼

(idX
,idX

)

If such an H exists, we write f 'r g.

Proposition 1.4.29. If f 'r g : A→ X then f ◦h 'r g◦h : B → X for every morphism
h : B → A.

Lemma 1.4.30. If X ∼−→ P →→ X × X is a path object and X is cofibrant, then
p0, p1 : P → X are acyclic fibrations.

Proposition 1.4.31. If X is fibrant, then 'r defines an equivalence relation on HomM(A,X).

Proposition 1.4.32. Let X be a fibrant object and h : A ∼−→ B a weak equivalence. If h
is an (acyclic) cofibration or if A and B are cofibrant, then h∗ is a bijection :

h∗ : HomM(B,X)/'r → HomM(A,X)/'r.

Proposition 1.4.33. If A is cofibrant, f 'r g : A→ X and h : X → Y is a morphism,
then h ◦ f 'r h ◦ g.

1.4.3 Explicit description
Proposition 1.4.34. Let f, g : A→ X be two morphisms.

– If A is cofibrant then f 'l g =⇒ f 'r g.
– If X is fibrant then f 'r g =⇒ f 'l g.

Démonstration. We prove the first point ; the other is dual. Suppose that f 'l g. Let
A tA ↪→ C

j−→
∼
A be a cylinder for A and H : C → X a homotopy. We have seen that i0

is an acyclic cofibration. Choose any path object X ∼−→ P � X ×X for X. We can find
a lift :

A X P

C X ×X

f

i0∼

∼

(fj,H)

K

Then Ki1 : A→ P is a right homotopy between f and g.
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1.4 Homotopy category

Definition 1.4.35. Let A be a cofibrant object and X a fibrant object. We denote by
[A,X] the quotient of HomM(A,X) by the equivalence relation of the previous proposition.

Definition 1.4.36. The category πMcf has as objects the fibrant and cofibrant objects
of M, and as morphisms HomπMcf

(A,X) = [A,X].

Theorem 1.4.37 (Analogue of Whitehead’s theorem). Let f : A→ X be a morphism
between two fibrant and cofibrant objects. Then f is a weak equivalence if and only if
there exists g : X → A such that f ◦ g and g ◦ f are homotopic to the identities of X and
A.

Démonstration. First, suppose that f is a weak equivalence. We can factor it as A i
↪−→
∼

W
p−→
∼
→ X. Since i is an acyclic cofibration and A is fibrant, we deduce that there exists

a right inverse r : W → A (i.e., ri = idA). Since W is fibrant and i is an acyclic
cofibration, we deduce that i∗ : HomM(W,W )/'r → HomM(A,W )/'r is a bijection.
Now, i∗([ir]) = [iri] = [i] = i∗([idW ]), hence ir 'r idW . We deduce that r is an inverse of
i up to (right) homotopy. A dual argument gives s : X → W which is an inverse of p up
to (left) homotopy.

Conversely, suppose that f is a homotopy equivalence. We factor f as A i
↪−→
∼
W

p−→→ X ;
it suffices to show that p is a weak equivalence. Note that W is bifibrant. Let g : X → A
be a homotopy inverse of f and H : C → X a homotopy between fg and idX (where C
is a cylinder of X). Then we can find a lift H ′ in the following diagram :

X W

C X

ig

i0∼ p

H

H′

Let s = H ′ ◦ i1, which is homotopic to ig via H ′. Since i is a weak equivalence, it is a
homotopy equivalence by what we have just shown ; let r be a homotopy inverse of i.
Since pi = f , we have p ∼ pir = fr. Moreover s ∼ ig so sp ∼ igp ∼ igfr ∼ ir ∼ idC . We
deduce that sp is a weak equivalence, and p is a retract of sp :

W W W

X W X

idW

p

idW

sp p

s p

For reference, we denote by Q(X) ∼−→→ X (resp. X ∼
↪−→ R(X)) the functorial cofibrant

(resp. fibrant) replacement.

Theorem 1.4.38 (Description of the homotopy category). The category Ho(M) is
equivalent to πMcf . For all objects A,X ∈ M,

HomHo(M)(A,X) ∼= HomM(Q(A), R(Y ))/∼.
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1 Model categories

If f : A→ X is a morphism that becomes an isomorphism in Ho(M), then it is a weak
equivalence.
Démonstration. Since we already know that Ho(M) ' Ho(Mcf ) (Lemma 1.4.14), it suffices
to show that the quotient π : Mcf → πMcf satisfies the universal property of localization
with respect to W . Let F : Mcf → D be a functor that sends weak equivalences to
isomorphisms. We want to show that there exists a unique functor F̄ : πMcf → D such
that F̄ ◦ π = F . On objects, we must set F̄ (X) = F (X). Let us show that F passes to
the quotient, i.e., that if f, g : A → X are two homotopic morphisms between fibrant
and cofibrant objects, then F (f) = F (g).

Let AtA ↪→ C
j−→
∼
A be a cylinder for A and H : C → X a homotopy between f and g,

i.e., H ◦ i0 = f and H ◦ i1 = g. (C is cofibrant ; we saw in the proof of Proposition 1.4.24
that we could also choose it so that j is a fibration, hence C is also fibrant since A is.)
We will show that F (i0) = F (i1). Since j : C → A is a weak equivalence, we deduce that
F (j) is an isomorphism. Now, j ◦ i0 = j ◦ i1 = idA, so F (j) ◦ F (i0) = F (j) ◦ F (i1), hence
F (i0) = F (i1). We then deduce that

F (f) = F (H ◦ i0) = F (H ◦ i1) = F (g). (1.4.39)
This allows us to conclude that π indeed satisfies the universal property.

Let us now show that HomHo(M)(A,X) ∼= HomM(QA,RX). By what we have just
shown,

HomHo(M)(A,X) ∼= [QRA,QRX] = HomM(QRA,QRX)/'. (1.4.40)
SinceQRA is cofibrant andQRX ∼−→ RX is a weak equivalence between fibrant objects, we
have HomM(QRA,QRX)/∼ ' HomM(QRA,RX)/∼. Similarly, the latter is in bijection
with HomM(QA,RX)/∼.

Finally, suppose that [f : A→ X] is an isomorphism in Ho(M). Thanks to the diagram

QRA QRX

RA RX

A X

QRf

∼ ∼

Rf

∼

f

∼

we see that it suffices to show that QR(f) is a weak equivalence. By point 1 of the
theorem, there exists g : QRX → QRA such that [QRf ◦ g] = [idQRX ] ∈ [QRX,QRX]
and [g◦QRf ] = [idQRA] ∈ [QRA,QRA]. In other words, QRf ◦g ' idQRX and g◦QRf '
idQRA. By Whitehead’s theorem, we deduce that QRf is a weak equivalence.

1.5 Cofibrantly Generated
We will begin by proving that the projective structure defines a model category

on Ch≥0(R). The proof will involve ideas that we will formalize under the name of
« cofibrantly generated model categories » (or cofibrantly generated).
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1.5 Cofibrantly Generated

1.5.1 Example : chain complexes
As a reminder, Ch≥0(R) denotes the category of chain complexes concentrated in

nonnegative degrees. For a chain complex M = (Mn, dn)n≥0 we define :
– the cycles Zk(M) by Z0(M) = M0 and Zk(M) = ker(d : Mk →Mk−1) ;
– the boundaries Bk(M) by Bk(M) = im(d : Mk+1 →Mk) ;
– the homology Hk(M) = Zk(M)/Bk(M).

A chain complex is said to be acyclic if Hk(M) = 0 for all k ∈ N.
Recall also that an R-module P is said to be projective if for every surjection A→ B,

the induced map Hom(P,A)→ Hom(P,B) is surjective. This is equivalent to requiring
that there exists a free module Rn that decomposes as P⊕Q (for some Q), or alternatively
that every surjective morphism A→ P has a section.

Definition 1.5.1. We say that a morphism f : M → N of chain complexes is :
– a weak equivalence if it is a quasi-isomorphism ;
– a cofibration if for all k ≥ 0, the map fk : Mk → Nk is injective and its cokernel is

projective ;
– a fibration if for all k > 0, the map fk : Mk → Nk is surjective.

Theorem 1.5.2 (Projective structure on Ch≥0(R)). These three classes of morphisms
define a model category structure on the category Ch≥0(R), called the « projective struc-
ture ».

Example 1.5.3. Let A and B be two R-modules. Consider A as a complex concentrated
in degree m, denoted A[−m] ; and B as a complex concentrated in degree n, denoted
B[−n]. Then in the homotopy category, [ΣmA,ΣnB] ∼= Extn−m

R (A,B).

Lemma 1.5.4. Ch≥0(R) satisfies axioms (MC1), (MC2), (MC3).

Démonstration. Limits and colimits are computed degree by degree in Ch≥0(R). Axiom
(MC2) is clear. For axiom (MC3), we note that the retract of an isomorphism (resp.
epimorphism, monomorphism) is an isomorphism (resp. epimorphism, monomorphism),
and moreover that a retract of a projective module is projective.

Lemma 1.5.5. Ch≥0(R) satisfies axiom (MC4(i)).

Démonstration. Consider a commutative diagram of chain complexes :

A X

B Y

f

i p∼

g

By definition, pk is surjective for all k > 0. Moreover, since H0(X) → H0(Y ) is an
isomorphism, a small diagram chase shows that p0 is surjective as well. Let K = ker(p),
then we have a short exact sequence 0→ K → X → Y → 0, so K is acyclic.

We seek a lift l : B → X which we will construct by induction on k.
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1 Model categories

– (k = 0) Let P0 = B0/A0. We have a short exact sequence 0→ A0 → B0 → P0 → 0.
Since P0 is projective, this sequence splits : we can find a section σ0 : P0 → B0 of
the projection B0 → P0. We therefore deduce that B0 is isomorphic to A0 ⊕ P0
as R-modules. We then define l0 : A0 ⊕ P0 → X0 by taking f0 on A0 and any lift
P0 → X0 of the map P0 ⊂ B0 → Y0. This argument can be summarized by the
following diagram :

A0 X0

B0 ∼= A0 ⊕ P0 Y0

P0

i0

f0

p0

g0

(f0,g
0σ

)

∃σ g0σ

– (induction) Let k > 0. Suppose that we have constructed maps lj : Bj → Xj (for
all 0 ≤ j < k) satisfying :

(i) dlj = lj−1d for 1 ≤ j < k,
(ii) pjlj = gj and ljij = fj for 0 ≤ j < k,

We want to find lk. As in the case k = 0, we have a splitting Bk
∼= Ak ⊕ Pk and

we can therefore define l̃k : Bk → Xk satisfying the second point, but it is not
necessarily compatible with the differential. We therefore define ξ : Bk → Xk−1 by
ξ(b) = d(l̃k(b))− lk−1(db). Then one verifies that :

– dξ = 0, since dlk−1 = lk−2d,
– pk−1ξ = 0 since pk l̃k = gk which commutes with d,
– ξik = 0 since l̃kik = fk which commutes with d.

In other words, ξ induces ξ′ : Bk/ik(Ak) ∼= Pk → Zk−1(K). Now, K is acyclic, so
d : Kk → Zk−1(K) is surjective. By projectivity of Pk, we can lift ξ′ to ξ′′ : Pk → Kk,
which we can compose with the inclusion to obtain ξ′′′ : Pk → Xk. One then readily
verifies that lk := l̃k − ξ′′′ satisfies the required equations.

Lemma 1.5.6. Ch≥0(R) satisfies (MC4(ii)).

The idea is that the cokernel of an acyclic cofibration has a very particular form.

Definition 1.5.7. Let A be an R-module. For n > 0, we define Dn(A) ∈ Ch≥0(R) :

· · · → 0→ A︸︷︷︸
n

idA−−→ A︸︷︷︸
n−1

→ 0→ . . .

Lemma 1.5.8. For any M ∈ Ch≥0(R), there is a natural bijection :

HomCh≥0(R)(Dn(A),M) ∼= HomR−Mod(A,Mn).

In particular, if M → N is surjective in degree n and A is projective, then any map
Dn(A)→ N lifts to M .
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1.5 Cofibrantly Generated

Lemma 1.5.9. Let P ∈ Ch≥0(R) be an acyclic complex which is projective in each degree.
Then all the Zk(P ) are projective, and P is isomorphic in Ch≥0(R) to ⊕k≥1 Dk(Zk−1(P )).

Démonstration. We define a subcomplex (for k ≥ 1) :

P (k)
n =


Pn n ≥ k

Bk−1(P ) n = k − 1
0 n ≤ k − 2

Since P is acyclic, one verifies that P (k)/P (k+1) ∼= Dk(Zk−1(P )). Since Z0(P ) = P0 is
projective, using the previous lemma we deduce that P = P (1) ∼= P (2) ⊕D1(Z0(P )). We
now apply the same argument to P (2) to find P (2) ∼= P (3) ⊕D2(Z1(P )), etc.

Proof of Lemma 1.5.6. We are given a diagram :

A X

B Y

i∼

f

p

g

l

The morphism i is injective and its cokernel P = B/A satisfies the hypotheses of the
previous lemma. We therefore deduce that the exact sequence 0 → A → B → P → 0
splits, so B ∼= A⊕ P as chain complexes. We can therefore define l : B → X by using f
for the factor A and using any lift of P ⊂ B

g−→ Y for the factor P .

Axiom (MC5)

It remains to prove (MC5). Rather than doing this directly, we will illustrate what is
called « the small object argument », which allows one to produce factorizations with
good lifting properties in many model categories. This argument will be formalized later.

We consider N as a category whose objects are the natural numbers and

HomN(m,n) =

∗ if m ≤ n,

∅ otherwise.

A functor (diagram) X : N → M is nothing other than a sequence of objects and
morphisms (note this is not a chain complex !) :

X0 → X1 → X2 → . . .

The natural maps Xn → colimX induce, for any object A ∈ M, a map :

colimn∈N HomM(A,Xn)→ HomM(A, colimn∈N Xn).

Definition 1.5.10. An object A ∈ M is N-small (or sequentially small) if for every
diagram X : N→ M, the above map is a bijection.
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1 Model categories

Example 1.5.11. A set is N-small if and only if it is finite. An R-module is N-small if
and only if it is finitely presented. A chain complex X ∈ Ch≥0(R) is N-small if and only
if Xn = 0 except for finitely many values, and each Xn is finitely presented.

Let M = {fi : Ai → Bi}i∈I be a set of morphisms of M. Fix a map p : X → Y . We
seek to factor p as X → X ′ → Y such that X ′ → Y has the RLP with respect to all
morphisms of M. Of course, one could take X ′ = Y , but we want X ′ to resemble X as
closely as possible.

We define S(M, p) to be the set of all possible commutative diagrams :

S(M, p) =

(i ∈ I, g : Ai → X, h : Bi → Y )

∣∣∣∣∣∣∣∣∣∣
Ai X

Bi Y

g

fi
p

h

commutes


The gluing construction G1(M, p) is then given as the pushout :

⊔
(i,g,h)∈S(M,p) Ai X

⊔
(i,g,h)∈S(M,p) Bi G1(M, p) Y

⊔
g

⊔
fi p

i1
f

⊔
h

p1

The fact that all diagrams in S(M, p) commute shows that we have an induced map
p1 : G1(M, p) → Y . We can then define by induction Gk(M, p) = G1(M, pk−1). We
obtain :

X G1(M, p) G2(M, p) . . .

Y Y Y . . .

i1

p

i2

p1

i2

p2

We set G∞(M, p) to be the colimit of the top row. It is equipped with maps i∞ : X →
G∞(M, p) and p∞ : G∞(M, p)→ Y such that p∞i∞ = p.

Proposition 1.5.12. Suppose that all the A are N-small in M. Then p∞ has the right
lifting property with respect to all morphisms of M.

Démonstration. We seek to solve the following lifting problem :

Ai G∞(M, p)

Bi Y

g

fi p∞

h

Since Ai is N-small, we can factor g through a finite-stage construction Gk, that is :

Ai
g′
−→ Gk(M, p)→ G∞(M, p). (1.5.13)
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1.5 Cofibrantly Generated

We thus obtain a diagram :

Ai Gk(M, p) Gk+1(M, p) G∞(M, p)

Bi Y Y Y

g′

fi

ik+1

pk pk+1 p∞

h

The triple (i, g′, h) indexes one of the morphisms in the colimit that defines Gk+1(M, p)
from Gk(M, p). By construction, we therefore find a map Bi → Gk+1(M, p) making the
diagram commute, which we can then post-compose with the morphism to G∞(M, p).
We thus obtain the desired lift.

Everything above (generalized to an arbitrary cardinal) can be summarized as follows :

Theorem 1.5.14 (Small object argument). Let M be a cocomplete category and M =
{fi : Ai → Bi} a set of morphisms of M. Suppose that all the Ai are κ-small for a fixed
cardinal κ. Every morphism f : X → Y factors as X i∞−→ G∞(f,M) p∞−−→ Y where i∞ is
a relative M-cellular complex and p∞ has the right lifting property with respect to all
morphisms of M.

We will now show that the cofibrations and acyclic cofibrations are « generated » by a
small number of (acyclic) cofibrations which we will describe explicitly. We will produce
the factorization of an arbitrary map by using the construction G∞, either with respect
to the generating cofibrations or with respect to the generating acyclic cofibrations.

Definition 1.5.15. For n ≥ 1, we define the « n-disk » Dn(R) and for n ≥ 0 the
« n-sphere » by :

Dn(R) : · · · → 0→ R︸︷︷︸
n

idR−−→ R︸︷︷︸
n−1

→ 0→ . . .

Sn(R) : · · · → 0→ R︸︷︷︸
n

→ 0→ . . .

We also define D0(R) = R concentrated in degree 0, and S−1(R) = 0. There is an obvious
inclusion in : Sn−1(R)→ Dn(R) (which is a cofibration). We also write jn : 0→ Dn(R)
for the inclusion (which is an acyclic cofibration).

Lemma 1.5.16 (Exercise). A morphism f : X → Y in Ch≥0(R) is :
– an acyclic fibration ⇐⇒ it has the RLP with respect to all the in ;
– a fibration ⇐⇒ it has the RLP with respect to all the jn.

Lemma 1.5.17. The category Ch≥0(R) satisfies (MC5).

Démonstration. Let us first verify (MC5(i)), i.e. we want to factor a morphism f : X → Y
as an acyclic cofibration followed by a fibration. Consider the class J = {jn : 0→ Dn(R)}.
The small object argument gives a factorization of f as X i∞−→ G∞(J , f) p∞−−→ Y . By the
previous lemma, p∞ is a fibration. At each step, the map Gk(J , f) → Gk+1(J , f) is
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obtained by gluing acyclic cofibrations (the jn), hence it is an acyclic cofibration, and
therefore so is the map to the colimit.

Let us now verify (MC5(ii)). We do the same thing, except that we use the class
I = {in : Sn−1(R)→ Dn(R)} instead.

We have finished proving the theorem !

1.5.2 Definition and existence theorem
Cofibrantly generated model categories are very important in homotopy theory. (We

have seen the chain complexes ; one can also identify the fact that Serre fibrations are
defined in a similar way...) In general, proving axiom MC5 is difficult, but if one manages
to find a set of generating (acyclic) cofibrations, then it is simpler, thanks to the small
object argument. This will also allow us to compute homotopy (co)limits more easily
later on, and many theorems apply only to these categories.

Let M = {Ai
fi−→ Bi} be a set of morphisms of M. (One should think of this as the

class of generating cofibrations or the class of generating acyclic cofibrations.)

Definition 1.5.18. A relative M-cellular complex is a morphism X → Y obtained as a
colimit of the form colimα<κXα where κ is an ordinal 4, X0 = X, Xα+1 is obtained from
Xα as a pushout of the form Xα+1 = Xα ∪Ai

Bi for a morphism g : Ai → Xα, and if
λ ∈ κ is a limit ordinal then Xλ = colimα<λXα. We denote by M-cell the class of such
morphisms. An M-cellular complex is an object Y such that ∅→ Y ∈M-cell.

Example 1.5.19. In Top, relative cellular complexes are obtained forM = {∂In → In}.

Definition 1.5.20. A morphism p : X → Y is M-injective if it has the RLP with
respect to all morphisms of M. We denote by M⊥ the class of M-injective morphisms.

Definition 1.5.21. A morphism i : A→ B isM-cofibrant if it has the LLP with respect
to all morphisms of M⊥. We denote by ⊥(M⊥) the class of M-cofibrant morphisms.

Definition 1.5.22. A model category (M,W ,C ,F ) is cofibrantly generated if there
exist two sets of morphisms I (« generating cofibrations ») and J (« generating acyclic
cofibrations ») such that :

– the acyclic fibrations are the I-injective morphisms (F ∩W = I⊥) ;
– the fibrations are the J -injective morphisms (F = J ⊥) ;
– the sources of the morphisms of I are small with respect to the class I-cell ;
– the sources of the morphisms of J are small with respect to the class J -cell.

Remark 1.5.23. The first two points imply that C = ⊥(I⊥) and C ∩W = ⊥(J ⊥). The
last two points are often verified by choosing I and J such that their sources are compact
(hence small with respect to everything).

4. in general one can restrict to κ = N
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Example 1.5.24. We have seen that the projective structure on Ch≥0(R) is cofibrantly
generated by I = {Sn(R)→ Dn(R)} and J = {0→ Dn(R)}.

Example 1.5.25. The Quillen structure on Top is cofibrantly generated by I = {∂In ↪→
In} and J = {In ↪→ In+1}. The Strøm structure is not.

Proposition 1.5.26. Let M be a model category cofibrantly generated by (I,J ). Then
the cofibrations (resp. acyclic cofibrations) are the retracts of relative I-cellular complexes
(resp. relative J -cellular complexes).

Démonstration. Let us prove for example that C = Retract(I-cell) (the other proof
is similar). Since the morphisms of I are cofibrations, so are the retracts of relative
I-cellular complexes. Conversely, let i : A→ B be a cofibration. Reusing the small object
argument, i factors as A i∞−→ G∞(I, i) p∞−−→ B. By construction, i∞ is a relative I-cellular
complex. We have also shown that p∞ has the RLP with respect to I, so it is an acyclic
fibration, and therefore it has the RLP with respect to i. We can therefore find a lift in
the following diagram :

A G∞(I, i)

B B

i∞

i p∞
f

We then find that i is a retract of i∞ :

A A A

B B B

i i∞ i

f p∞

In theory, given a category M, one can recover the entire model category structure : the
(acyclic) cofibrations are the retracts of relative I-cellular (J -cellular) complexes, the
(acyclic) fibrations are the J -injective (I-injective) morphisms, and the weak equivalences
are the morphisms obtained by composing an acyclic cofibration with an acyclic fibration.
But the whole question is whether this actually yields a model category !

Theorem 1.5.27 (Existence of a cofibrantly generated structure). Let M be a complete
and cocomplete category, W , I and J three classes of morphisms. Then M is a model
category with W as weak equivalences and I, J as generating (acyclic) cofibrations if
and only if :

(1) W satisfies 2-out-of-3 and is closed under retracts ;
(2) the sources of the morphisms of I are small with respect to I-cell ;
(3) the sources of the morphisms of J are small with respect to J -cell ;
(4) J -cell ⊂ W ∩ ⊥(I⊥) ;
(5) I⊥ ⊂ W ∩ J ⊥ ;
(6) either ⊥(I⊥) ∩W ⊂ ⊥(J ⊥), or J ⊥ ∩W ⊂ I⊥.
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Démonstration. The conditions are clearly necessary. Let us show that they are sufficient.
Recall that we take F = J ⊥ and C = ⊥(I⊥). (MC1) is satisfied by hypothesis. (MC2)
and the stability of W under retracts follow from (1). The stability under retracts of C
and F comes from the fact that they are defined by lifting properties, so we have (MC3).

Conditions (4) and (5) show that the morphisms of I⊥ are acyclic fibrations, and those
of J -cell are acyclic cofibrations. The small object argument, which works thanks to
(3), provides a factorization of every morphism f : A→ X as A i∞−→ G∞(M, f) p∞−−→ X,
where M = I (resp. J ). The morphism i∞ is a I-cellular (resp. J -cellular) complex.
The same argument as in the previous proposition shows that it is indeed a cofibration
(resp. acyclic cofibration). The morphism p∞ is I-injective (resp. J -injective), so it is an
acyclic fibration by (5) (resp. a fibration by definition of F ). We therefore have (MC5).

It remains to verify (MC4), the lifting axiom. We will use (6) ; suppose that C ∩W :=
⊥(I⊥) ∩W ⊂ ⊥(J ⊥) (the other case is dual). Then the acyclic cofibrations indeed have
the LLP with respect to the fibrations, which is half of the axiom. Now suppose that
f : X → Y ∈ J ⊥ ∩ W is an acyclic fibration ; let us show that it has the RLP with
respect to cofibrations. By definition of C = ⊥(I⊥), it suffices to verify that f has the
RLP with respect to elements of I. By the small object argument, we factor f = p∞i∞
where i∞ ∈ J -cell ⊂ W ∩ ⊥(I⊥) = W ∩ C (4), and p∞ ∈ I⊥ ⊂ W (5). We have just
shown that f has the RLP with respect to i∞ ∈

⊥(J ⊥). We therefore have a lift :

X X

G∞(J , f) Y

i∞ f

p∞
h

and therefore f is a retract of p∞ :

X G∞(J , f) X

Y Y Y

i∞

f

h

p∞ f

Since p∞ ∈ I⊥ ⊂ F by (4), we deduce by (MC3) that f ∈ F .

Example 1.5.28 (Exercise). Let M = Top and consider the Quillen structure (see
Example 1.3.12). Take as generating cofibrations the class of inclusions {Sn−1 → Dn}n≥0
and as generating acyclic cofibrations the inclusions {Dn → Dn × [0, 1]}n≥0. Show that
the hypotheses of the theorem are satisfied and that the classes of fibrations, cofibrations
and weak equivalences are those of Example 1.3.12. (One may refer to [Hov99, Sections 2.1
and 2.4] as well as a similar proof for simplicial sets in Chapter 2).

1.6 Quillen Adjunctions
We now know how to define the homotopy category of a model category and perform

computations in it, especially when the category is cofibrantly generated. Now, if we have
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a functor between two model categories, under what conditions do we get an induced
functor between their homotopy categories ?

Proposition 1.6.1. Let F : M � D : G be an adjunction between two model categories.
The following properties are equivalent :

– F preserves cofibrations and acyclic cofibrations ;
– G preserves fibrations and acyclic fibrations ;
– F preserves cofibrations and G preserves fibrations ;
– F preserves acyclic cofibrations and G preserves acyclic fibrations.

Definition 1.6.2. A Quillen adjunction is an adjunction satisfying these properties.

Démonstration. It suffices to play a little with the lifting properties. Let us show for
example that if F preserves cofibrations then G preserves acyclic fibrations. (All other
statements are obtained similarly.) Let p : X →→ ∼Y be an acyclic fibration. Let us show
that G(p) : X → Y is an acyclic fibration. It suffices to show that G(p) has the RLP
with respect to cofibrations. We are given a diagram and we seek a lift :

A G(X)

B G(Y )

i G(p)

By adjunction, the lift exists if and only if a lift exists in the following diagram :

F (A) X

F (B) Y

F (i) p∼

Now F preserves cofibrations, so F (i) is a cofibration in D. Since p is an acyclic fibration,
we deduce that the lift exists.

Example 1.6.3. Let f : R → S be a morphism of commutative rings. Then we have
an adjunction f! : Ch≥0(R) � Ch≥0(S) : f ∗. One readily verifies that this is a Quillen
adjunction for the projective structures.

We recall that we denote by λ : M→ Ho(M) the localization functor.

Definition 1.6.4. Let M be a model category and let H be an arbitrary category. 5 Let
F : M→ H be a functor.

5. We will think of it as Ho(D).
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1 Model categories

1. A left derived functor of F is a functor LF : Ho(M)→ H and a natural transfor-
mation α : LF ◦ λ⇒ F satisfying the following universal property : for every pair
(G : Ho(M) → H, β : G ◦ λ ⇒ F ), there exists a unique natural transformation
θ : G→ LF such that β is the composite

G ◦ λ F

LF ◦ λ

∀β

(∃!θ)◦λ α

2. A right derived functor of F is a functor RF : Ho(M) → H and a natural trans-
formation ε : F ⇒ RF ◦ λ satisfying the following universal property : for every
pair (G : Ho(M)→ H, ϕ : F ⇒ G ◦ λ), there exists a unique natural transformation
θ : RF → G such that ϕ is the composite

F G ◦ λ

RF ◦ λ

∀ϕ

ε (∃!θ)◦λ

If a derived functor (right or left) exists, it is unique up to isomorphism, as usual with
universal properties. A left derived functor is, in a certain sense, the best possible left
approximation (on the source side) of F as a functor that factors through λ. In technical
terms, it is a right Kan extension (and not a left one !) along λ.

Proposition 1.6.5. Let M be a model category, H an arbitrary category, and F : M→ H
a functor.

1. If F sends acyclic cofibrations between cofibrant objects to isomorphisms, then LF
exists.

2. If F sends acyclic fibrations between fibrant objects to isomorphisms, then RF
exists.

The proof relies on Brown’s Lemma :

Lemma 1.6.6 (Brown’s Lemma [Bro73]). Let F : M → D be a functor between two
model categories.

1. If F sends acyclic cofibrations between cofibrant objects to weak equivalences, then
F sends weak equivalences between cofibrant objects to weak equivalences.

2. If F sends acyclic fibrations between fibrant objects to weak equivalences, then F
sends weak equivalences between fibrant objects to weak equivalences.

Démonstration. Let f : A ∼−→ B be a weak equivalence between cofibrant objects. We
have a pushout :

∅ A

B A tB
p
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1.6 Quillen Adjunctions

Therefore the inclusions iA : A→ A tB and iB : B → A tB are cofibrations.
The morphism f induces a map (id, f) : A tB → B. Let us factor it as a cofibration

followed by an acyclic fibration. We obtain a commutative diagram :

B

X

A A tB B

∼ p

iA

f

∼

j

iB

– Since p ◦ (j ◦ iB) = idB ∈ W and p ∈ W , we deduce that j ◦ iB ∈ W . Moreover
j ∈ C and iB ∈ C so j ◦ iB ∈ C . Furthermore, its source (B) and target (X) are
cofibrant. By the hypothesis on F , we have that F (j ◦ iB) is a weak equivalence.

– In the same way, we deduce that F (j ◦ iA) is a weak equivalence.
– Since F (p)◦F (j ◦ iB) = F (idB) is an isomorphism and F (j ◦ iB) is an isomorphism,

we have that F (p) is a weak equivalence.
– Finally, F (f) = F (p) ◦ F (j ◦ iA) is the composite of two weak equivalences, hence

it is a weak equivalence.

Corollary 1.6.7. A left (resp. right) Quillen adjoint sends weak equivalences between
cofibrant (resp. fibrant) objects to weak equivalences.

Proof of Proposition 1.6.5. Suppose that F sends acyclic cofibrations between cofibrant
objects to isomorphisms (the other case is dual). By Brown’s Lemma, we deduce that F
sends weak equivalences between cofibrant objects to isomorphisms.

We recall that Q(X) pX−→
∼
→ X is the functorial cofibrant resolution. We set LF (X) :=

F (Q(X)). The natural arrow Q(X)→ X defines a natural transformation α : LF ⇒ F .
Since F sends weak equivalences between cofibrant objects to isomorphisms, LF as
defined factors through Ho(M).

Let us show that the pair (LF, α) satisfies the universal property. Let (G : Ho(M)→
H, β : G ◦ λ⇒ F ) be as in the definition. We want to construct θX : G(X)→ LF (X) =
F (Q(X)) that is natural in X and such that βX = αX ◦ θλ(X) : G(λ(X))→ LF (λ(X))→
F (X). We have that Q(X) ∼−→ X becomes an isomorphism in Ho(M), so its image under
G is an isomorphism in H. We can therefore find a lift :

G(Q(X)) LF (X) = F (Q(X))

G(X) F (X)

βQ(X)

G(pX)∼= αX

βX

θX (1.6.8)

We can therefore define a natural transformation θ by θX := βQ(X) ◦ G(pX)−1, and it
indeed satisfies βX = αX ◦ θλ(X).
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Let us now show that θ is unique. Let θ′ be another natural transformation satisfying the
hypothesis. If we draw diagram (1.6.8) replacing X by QX, the right vertical arrow (αQX)
is an isomorphism by Corollary 1.6.7. We deduce that θ′

QX = α−1
QXβQX . Now by naturality

of θ′, we must have F (Q(pX))θ′
QX = θ′

XG(pX). But since F sends weak equivalences
between cofibrant objects to isomorphisms, one verifies that F (Q(pX)) = F (pQX) =: αQX
by considering the cube formed by all ways of passing from QQQX to X. Therefore
necessarily :

θ′
X = αQXθQXG(pX)−1 = αQXα

−1
QXβQXG(pX)−1 = βQXG(pX)−1 = θX . (1.6.9)

Definition 1.6.10. Let F : M→ D be a functor between two model categories.
1. A total left derived functor of F is a left derived functor of λF : M→ D→ Ho(D).
2. A total right derived functor of F is a right derived functor of λF : M→ D→ Ho(D).

We will still write (by abuse of notation...) LF and RF for the total derived functors.

Proposition 1.6.11 (Exercise). Suppose that F : M → D and G : D → E are two
functors such that F , G, and G ◦ F admit left derived functors. Then there exists a
canonical natural transformation (LG) ◦ (LF )⇒ L(G ◦ F ).

Theorem 1.6.12 (Adjunction between homotopy categories). Let F : M � D : G be
a Quillen adjunction between two model categories. Then the total derived functors LF ,
RG exist and form an adjunction :

LF : Ho(M) � Ho(D) : RG.

Démonstration. The fact that they exist follows from the proposition we just proved and
from the definition of Quillen adjunctions. In the proof, we saw that

LF (A) = F (Q(A)), RG(X) = G(R(X)),

whereQ(−) is the functorial cofibrant resolution andR(−) the functorial fibrant resolution.
We seek a natural bijection :

HomHo(D)(LF (A), X) ∼= HomHo(M)(A,RG(X)).

By the description of morphisms in the homotopy category, this amounts to seeking a
natural bijection :

HomD(F (Q(A)), R(X))/∼ ∼= HomM(Q(A), G(R(X)))/∼.

Since F a G, we already have a bijection before passing to the quotient. We need to
show that it passes to the quotient. Suppose that f, g : F (Q(A))→ R(X) are homotopic.
Let R(Y ) ∼−→ P →→ R(Y )× R(Y ) be a path object and H : F (Q(A))→ P a homotopy.
Since G preserves fibrations and limits, we have that G(R(Y ))→ G(P )→→ R(Y )×R(Y ).
Moreover, R(Y ) and P are fibrant, so G sends the weak equivalence between them to a
weak equivalence, hence G(P ) is a path object for G(R(Y )). The morphism H is adjoint
to H ′ : Q(A) → R(P ) and one verifies that this is a (right) homotopy between the
adjoints of f and g. The converse is dual.
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Proposition 1.6.13 (Exercise). Let F : M → D and G : D → E be two left Quillen
adjoints between model categories. Then the natural transformation LG ◦ LF ⇒ L(G ◦ F )
is an isomorphism.

Theorem 1.6.14 (Equivalences between homotopy categories). Let F : M � D : G be a
Quillen adjunction. The following statements are equivalent :

1. The induced adjunction LF : Ho(M) � Ho(D) : RG is an equivalence of categories.
2. For every cofibrant object A ∈ M and every fibrant object X ∈ D, a morphism

F (A) → Y is a weak equivalence if and only if its adjoint A → G(Y ) is a weak
equivalence.

3. For every cofibrant object A ∈ M and every fibrant object X ∈ D, the two arrows :

A
η−→ G(F (A))→ G(R(F (A)))

F (Q(G(Y )))→ F (G(Y )) ε−→ Y

are weak equivalences.

Démonstration. The proof proceeds in several steps.

2. =⇒ 3. The morphism A→ GRF (A) is adjoint to F (A)→ RF (A), which is a
fibrant resolution, hence a weak equivalence. By 2, we deduce that A→ GRF (A)
is a weak equivalence. The second part is dual.

3. =⇒ 2. Let A be cofibrant, X fibrant, and f : F (A)→ Y a morphism. We denote
by f̄ : A η−→ GF (A) G(f)−−→ G(Y ) its adjoint. We have a commutative diagram :

A GF (A) G(Y )

A GRF (A) GR(Y )

η G(f)

∼

∼ ∼

where A → GRF (A) is a weak equivalence by hypothesis, G(Y ) → GR(Y ) is
a weak equivalence since G preserves weak equivalences between fibrant objects,
and GRF (A)→ GR(Y ) is a weak equivalence for the same reason. We deduce by
2-out-of-3 that f̄ (the top row) is a weak equivalence. The other case is dual.

2. =⇒ 1. The unit of the adjunction LF a RG is

η̃ ∈ HomHo(M)(A,RG(LF (A))) = HomM(QA,GRFQ(A)). (1.6.15)

It is adjoint to FQ(A) → RFQ(A), which is a weak equivalence whose source
is cofibrant, so its adjoint is indeed a weak equivalence (i.e. an isomorphism in
Ho(M)). Dually, the counit of the adjunction is an isomorphism ; we deduce that
the adjunction between homotopy categories is an equivalence of categories.

35



1 Model categories

1. =⇒ 3. Suppose that A is cofibrant. We have a commutative diagram :

QA GRFQ(A)

A GRF (A)

∼

∼

Since the unit of the adjunction is an isomorphism, QA → GRFQ(A) is a weak
equivalence (cf. above). Since QA → A is a weak equivalence between cofibrant
objects, F (QA)→ F (A) is a weak equivalence, so RFQ(A)→ RF (A) is a weak
equivalence between fibrant objects, so GRFQ(A)→ GRF (A) is a weak equiva-
lence. We deduce that the bottom arrow is a weak equivalence, which is what we
wanted to prove. The other case is dual.

Definition 1.6.16. A Quillen adjunction satisfying the hypotheses of the previous
theorem is called a Quillen equivalence.

We have a very useful criterion for verifying that a Quillen adjunction is a Quillen
equivalence :
Proposition 1.6.17. Let F : M � D : G be a Quillen adjunction. The following
statements are equivalent :

1. The adjunction is a Quillen equivalence.
2. The functor F reflects weak equivalences between cofibrant objects 6 and for every

fibrant object X ∈ D, the morphism FQG(X)→ X is a weak equivalence.
3. The functor G reflects weak equivalences between fibrant objects and for every

cofibrant object A ∈ M, the morphism A→ GRF (A) is a weak equivalence.
Démonstration. Exercise.
Example 1.6.18. There is a Quillen equivalence between the projective structure on
Ch(R) and the injective structure on Ch(R). This equivalence is simply given by the
identity (cf. Hovey [Hov99, Section 2.3])
Example 1.6.19. The identity id : Ch≥0(R) � Ch≥0(R) : id is a Quillen adjunction
between the projective structure and the Strøm structure. Is it a Quillen equivalence ?

1.7 Homotopy limits and colimits
Let I be a small category (i.e. one has a set of objects and a set of morphisms). A

“diagram indexed by I” is simply a functor X : I → M, which we will write slightly
differently to emphasize that it is a diagram : the value at i ∈ I is denoted Xi and the
image of α : i→ j is denoted α∗ : Xi → Xj. A morphism between diagrams is a natural
transformation. We denote by MI the category of diagrams.

We have a functor cst : M→ MI such that cst(A)i = A and α∗ = idA for all i, α.
6. This means that if f : A → B is a morphism between cofibrant objects and F (f) is a weak

equivalence, then f is a weak equivalence.
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Proposition 1.7.1 (Exercise). If M is complete then cst has a right adjoint limI : MI →
M. If M is cocomplete then cst has a left adjoint colimI : MI → M.

If M has a notion of weak equivalences W , then so does MI by considering W I (i.e.
weak equivalences are defined objectwise).

Definition 1.7.2. Let (M,W ) be a category with weak equivalences and I a small
category. A homotopy colimit is a total left derived functor :

hocolimI := LcolimI : Ho(MI)→ Ho(M).

A homotopy limit is a total right derived functor :

holimI := Rlim
I

: Ho(MI)→ Ho(M).

Remark 1.7.3. Warning : hocolimI is not a colimit in Ho(M) ! The difference essentially
comes from the fact that Ho(M)I 6= Ho(MI). For example, if I = {a← c→ b}, M = Top,
and X ∈ TopI is defined by Xa = Xb = ∗ and Xc = {0, 1} (with the only possible maps),
then hocolimI X = S1 whereas the colimit in Ho(Top)I is contractible. One can also
find examples where the (co)limit in Ho(M) does not even exist, e.g. the pushout of
∗ ← S1 z 7→z2

−−−→ S1 in Ho(Top∗) (exercise).
We will now give conditions for holim and hocolim to exist. What follows is a direct

consequence of what we know about derived functors of Quillen adjunctions.

Lemma 1.7.4. Let M be a model category and I a small category.
1. If MI admits a model structure whose weak equivalences contain W I and such that

cst : M→ MI is a right Quillen adjoint, then hocolimI exists.
2. If MI admits a model structure whose weak equivalences contain W I and such that

cst : M→ MI is a left Quillen adjoint, then holimI exists.

Definition 1.7.5. Let M be a model category and I a small category.
1. The projective structure on MI has W I as weak equivalences and F I as fibrations.

The cofibrations are defined by the lifting property.
2. The injective structure on MI has W I as weak equivalences and C I as cofibrations.

The fibrations are defined by the lifting property.

Lemma 1.7.6. If the projective (resp. injective) structure defines a model category
structure on MI , then hocolimI (resp. holimI) exists.

Remark 1.7.7. In this case, to compute hocolimI X, it suffices to replace X by a cofibrant
object and compute its limit. Similarly for holim.

Definition 1.7.8. A category I is very small if it has a finite number of objects and if
there exists N > 0 such that every sequence of morphisms A0

f0−→ A1 . . . An has at most
N arrows that are not identities.
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Example 1.7.9. A finite partially ordered set defines a very small category.

Theorem 1.7.10 (Structure on diagram categories). If I is very small then the projective
and injective structures define model category structures on MI .

Démonstration. The complete proof is left as an exercise and is a special case of a
much more general theory, that of Reedy categories (of which very small categories are
examples). The proof essentially proceeds by induction. Indeed, a very small category
induces a preorder on the objects of I, by setting i ≤ j ⇐⇒ HomI(i, j) 6= ∅.

To show that the projective structure is a model category, we proceed as follows,
by induction on the size of I. The axioms (MC1), (MC2) and (MC3) are clear. Since
the poset ob(I) is finite, it has at least one minimal element i0. We let I ′ be the full
subcategory on all other objects and we have a restriction functor U : MI → MI′ . By
induction, MI′ is a model category. Then f ∈ HomMI (A,X) is a cofibration if and only if
the following two conditions hold :

– The morphism fi0 : Ai0 → Xi0 is a cofibration in M ;
– Let {j1, . . . , jk} be the immediate successors of i0 in the poset I. For 1 ≤ l ≤ k, we

define ∂l(f) as the pushout :

Ai0 Ajl

Xi0 ∂l(f)

f
p

One can then define a diagram A′ ∈ MI′ by A′
j = Aj if j 6∈ {i0, j1, . . . , jk} and

A′
jl

= ∂l(f). We have a morphism A′ → U(X) in MI′ . The second condition is that
this morphism be a cofibration (defined inductively : the cardinality of I ′ is strictly
less than the cardinality of I).

To prove the lifting or factorization axioms, one first handles i0, and then finds lif-
tings/factorizations for the morphism X ′ → U(Y ) compatible with what happens at
i0.

This allows us, for example, to define homotopy pushouts and homotopy pullbacks.
However, not all index categories are very small ; for example N is not. We will introduce
a condition on M which allows one to put a model category structure on MI for every
small category I.

Definition 1.7.11. A category I is filtered if every finite diagram has a cocone 7 : for
every functor F : D → I where D is a finite category, there exists an object i ∈ I and
a natural transformation F ⇒ csti between F and the constant functor equal to i. A
colimit is filtered if it is indexed by a filtered category.

Example 1.7.12. A partially ordered set is a filtered category if and only if it is directed
(i.e. every finite subset has an upper bound). Any category admitting a terminal object
is filtered. A discrete category with at least two objects is not filtered.

7. One can think of a cocone as an “upper bound”.
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Definition 1.7.13. An object A ∈ M is (κ-)compact if HomC(A,−) commutes with
(κ-)filtered colimits.

Example 1.7.14. The compact objects of Set are the finite sets.

Definition 1.7.15. A cocomplete category M is presentable if there exists a set S of
compact objects such that every object of M is a filtered colimit of objects of S.

Remark 1.7.16. Some authors use the terminology “locally presentable” for this notion.
Indeed, there exists a general notion of a presentable object in a category, and one might
be tempted to think that a “presentable category” is a “presentable object in Cat”, which
is not the case : it is the objects of the category that are presentable, not the category
itself.

Example 1.7.17. The category Set of sets is presentable, generated by finite sets (every
set is indeed the filtered colimit of its finite subsets). The category of R-modules is
presentable, generated by free modules of finite rank, etc.

Definition 1.7.18. A model category M is combinatorial if it is cofibrantly generated
and presentable.

Example 1.7.19. The category Ch≥0(R) is combinatorial, generated by the Dn(R) and
the Sn(R). The category Top is not combinatorial, but it is Quillen equivalent to the
category of simplicial sets (see Chapter 2) which is.

Theorem 1.7.20 (Projective structure on a diagram category). Let M be a cofibrantly
generated model category and I a small category. Then the projective structure exists on
MI (hence homotopy colimits exist). If moreover M is combinatorial, then the injective
structure on MI exists (hence homotopy limits exist).

Démonstration. Left as an exercise, the idea being to show that MI is cofibrantly gene-
rated using the theorems we have already seen. The injective case is quite involved.

Let us now give some examples of homotopy colimits. We introduce a technical notion :

Definition 1.7.21. A model category M is said to be left proper if the pushout of a
weak equivalence along a cofibration is a weak equivalence. It is said to be right proper if
the pullback of a weak equivalence along a fibration is a weak equivalence. We say it is
proper if it is both left and right proper.

Example 1.7.22 ([Hir03, Corollary 13.1.3]). If every object of M is cofibrant (resp.
fibrant), then M is left proper (resp. right proper).

Example 1.7.23 (Exercise). The category Top with the Quillen structure and the
category Ch≥0(R) with the projective structure are proper.
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Example 1.7.24. Let I = {j ← i→ j′}, which is very small. A diagram X ∈ MI is the
data of three objects and two morphisms B f←− A

g−→ C. Then colimI X is the pushout of
f and g, B ∪A C. This notion is clearly not invariant under homotopy : for example in
Top, ∗ ∪{0,1} ∗ = ∗ whereas [0, 1] ∪{0,1} [0, 1] = S1. To compute the homotopy pushout,
hocolimI X = B ∪hA C, we must replace our diagram by a cofibrant diagram. One can
show that a cofibrant replacement of the diagram is given by Q(B) ←↩ Q(A) ↪→ Q(C)
where the Q(−) are cofibrant resolutions. One then simply computes the pushout of this
new diagram to obtain the homotopy pushout.

Given a diagram B ← A→ C, if the category M is left proper one can replace A→ C
by a cofibration A ↪→ C ′ ∼−→→ C and compute B ∪hA C = B ∪A C ′.

In Top, a standard way to replace an arrow by a cofibration is to consider its mapping
cylinder, Cyl(g) = A× [0, 1] t C/((a, 1) ∼ g(c)). One then finds B ∪hA C = B ∪hA Cyl(C).

In Ch≥0(R) with the projective structure, to replace A g−→ C by a cofibration, one can
consider a formally similar construction :

Cyl(g) = (An ⊕ Cn ⊕ An−1, d(a, c, a′) = (da+ a′, dc− g(a′), da′)).

Then the homotopy pushout is given by :

B ⊕hA C = (Bn ⊕ Cn ⊕ An−1, d(b, c, a) = (db+ f(a), dc− g(a), da)).

The homotopy pullback is the dual notion. Exercise : compute the homotopy pullback
in Top and Ch≥0(R).
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2 Simplicial sets

2.1 Definition and properties
A large part of this chapter was covered in the course Homotopy I 	.

Definition 2.1.1. The simplex category ∆ has as objects the totally ordered finite sets
[n] = {0 < 1 < · · · < n} and as morphisms the order-preserving maps.

We will denote a morphism f ∈ Hom∆([m], [n]) as a sequence :

f = f(0)→ f(1)→ · · · → f(m).

For example, the identity of [n] is 0→ 1→ · · · → n.
Every morphism of ∆ factors uniquely as an order-preserving surjection followed by

an order-preserving injection. Furthermore,
– the order-preserving injections are generated by the ∂i : [n−1]→ [n] (for 0 ≤ i ≤ n)

defined by
∂i = 0→ 1→ · · · → i− 1→ i+ 1→ · · · → n

– the order-preserving surjections are generated by the σj : [n + 1] → [n] (for
0 ≤ j ≤ n) defined by

σj = 0→ · · · → j → j → · · · → n

We also have the “cosimplicial relations” (which need not be memorized... !)

∂j∂i = ∂i∂j−1 if i < j,

σj∂i = ∂iσj−1 if i < j,

σj∂i = id if i = j or j + 1,
σj∂i = ∂i−1σj if i > j + 1,
σjσi = σi−1σj if i ≥ j.

Definition 2.1.2. A simplicial set is a functor X• : ∆op → Set. We denote by sSet the
category of simplicial sets.

Concretely, a simplicial set is thus the data of :
– a sequence of sets, X0, X1, X2, . . . whose elements are called n-simplices (the

elements of X0 are sometimes called “vertices”, those of X1 “edges”, and those of
X2 “faces”) ;
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– “face” maps di : Xn → Xn−1 for 0 ≤ i ≤ n ;
– “degeneracy” maps sj : Xn → Xn+1 for 0 ≤ j ≤ n ;
– satisfying the “simplicial relations”, which are the same as the cosimplicial relations

but with the order of compositions reversed (for example, didj = dj−1di for i < j,
etc.).

A simplicial map X• → Y• is the data of maps fn : Xn → Yn that commute with the face
and degeneracy maps.
Remark 2.1.3 (See, e.g., [Fri08, Section 3]). One should be careful with terminology when
reading older texts. In the past, simplicial sets were called “complete semi-simplicial
complexes”. The motivation was that these objects resembled simplicial complexes, but a
sequence of vertices did not determine a face uniquely. “Semi-simplicial complexes” were
simplicial sets with only face maps, no degeneracies ; they are called “semi-simplicial sets”
today. Over time, “complex” became “set”. Since “complete semi-simplicial complexes”
were by far the most interesting, their name was first abbreviated to “semi-simplicial
complexes” (the old semi-simplicial complexes fading into the background), then to
“simplicial complex”, and finally to “simplicial set”. Semi-simplicial sets later came back
into prominence and took their current name. Some authors also call semi-simplicial sets
“Delta-sets” (or even “∆-sets”), which can conflict with the fact that the category ∆
defined above is the basic building block of simplicial sets. For simplicity, in these course
notes, we only speak of simplicial sets (modern terminology) as defined above.

Definition 2.1.4. More generally, a simplicial object in a category C is a functor ∆op → C.
We denote by sC the category of simplicial objects in C.

Definition 2.1.5 (Dual). A cosimplicial set is a covariant functor ∆ → Set ; the
corresponding category is denoted cSet. We also define the category cC of cosimplicial
objects in a given category.

Example 2.1.6. By the Yoneda Lemma, for fixed n ≥ 0, we have a “canonical” simplicial
set, the standard n-simplex ∆n

• , defined by :

∆n
k = Hom∆([k], [n]).

Note moreover that HomsSet(∆n
• , X•) ∼= Xn (again by the Yoneda Lemma). We then

deduce that
X• ∼= colimf :∆n

• →X• ∆n
• .

Example 2.1.7. We note that ∆•
• defines a cosimplicial object in the category of

simplicial sets. Let us give an example of a cosimplicial space that resembles it. We
define :

�n := {(t0, t1, . . . , tn) ∈ Rn | ∀i, ti ≥ 0,
∑

ti = 1}.
The coface and codegeneracy maps are given by :

∂i(t0, . . . , tn) = (t0, . . . , ti, 0, ti+1, . . . , tn),
σj(t0, . . . , tn) = (t0, . . . , tj−1, tj + tj+1, tj+2, . . . , tn)
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We see for example that �0 is a point, �1 = [0, 1], �2 is a triangle, etc. The coface maps
are the inclusions of the codimension 1 faces, while the codegeneracy maps “collapse” a
dimension.

Definition 2.1.8. Let X be a simplicial set. A simplex x ∈ Xn is called degenerate if
x = si(y) for some y ∈ Xn−1. Otherwise, it is called non-degenerate.

Lemma 2.1.9. Let w ∈ Xn be a simplex. Then there exists a unique pair (y, s) where
y ∈ Xm is a non-degenerate simplex and s = σ∗ is a degeneracy induced by a surjection
σ : ∆n → ∆m.

Démonstration. Let w = si0si1 . . . sik(x) = sj0sj1 . . . sjl(y) be a degenerate simplex with
x ∈ Xa, y ∈ Xb non-degenerate. Let us show that x = y. Using the simplicial identities,

x = dik . . . di0(w) = dik . . . di0sj0 . . . sjl(y).

Using the simplicial identities, we move all the s’s to the left of the d’s and obtain x =
su0 . . . sumdv1 . . . dvn(y). Since x is non-degenerate, we have m = 0 and x = dv1 . . . dvn(y).
In particular, a = b− n ≤ b. By symmetry, we also find b ≤ a, hence a = b. Returning to
the equality above, we deduce x = y (there can be no d...).

2.2 Adjunction with topological spaces
We recall the standard cosimplicial space :

�n = {(t0, . . . , tn) ∈ (R+)n+1 | t0 + · · ·+ tn = 1}.

Definition 2.2.1. Let X• be a simplicial set. Its geometric realization is the quotient
topological space :

|X•| :=
⊔
n≥0

Xn × �n
 /∼,

where the equivalence relation is given by

(di(x), t) ∼ (x, ∂i(t)), (sj(x), t) ∼ (x, σj(t)).

Definition 2.2.2. Let Y be a topological space. Its singular (simplicial) set is given by :

S•(Y ) := HomTop(�•, Y ),

with the face and degeneracy maps induced by �•.

Proposition 2.2.3. 	 The geometric realization and the singular set define an adjunc-
tion :

| − | : sSet � Top : S•.
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Démonstration. It is clear that | − | and S• define functors. Let us show that they are
adjoint by defining natural bijections

ϕ : HomTop(|X•|, Y ) � HomsSet(X,S•(Y )) : ψ.

– Let f : X• → S•(Y ) be a simplicial map. We thus have maps fn : Xn → Sn(Y ) =
HomTop(�n, Y ) that commute with the face and degeneracy maps. We will define a
continuous map ψ(f) : |X•| → Y . We begin by defining a continuous map⊔

n≥0
Xn × �n → Y

and we will show that it is compatible with the equivalence relation. Concretely, if
(x, t) ∈ Xn × �n, we associate to it fn(x)(t). This map is indeed continuous, and
compatibility with the equivalence relation is easily verified (since f commutes
with di and sj).

– Let g : |X•| → Y be a continuous map. We define ϕ(h) : X• → S•(Y ) as follows.
For x ∈ Xn, we define ϕ(h)n(x) : �n → Y by ϕ(h)n(x) : t 7→ h([x, t]). One readily
checks that ϕ(h)n(x) is continuous and that ϕ(h) is simplicial.

One also readily checks that ϕ and ψ are natural and inverse to each other.

Example 2.2.4. Let E be a set. We define the constant simplicial set E• by En = E,
with all face and degeneracy maps being identities. Then |E•| is simply E viewed as a
discrete space.

Example 2.2.5. By the Yoneda lemma, |∆n| = �n.

Example 2.2.6 (Exercise). Describe the unique simplicial set that has exactly two
non-degenerate simplices in respective dimensions 0 and 1. Show that its geometric
realization is a circle.

Remark 2.2.7. One could replace �• by any cosimplicial space and obtain an adjunction.
More generally, given a cocomplete category C and a cosimplicial object A• ∈ cC, one
obtains an adjunction sSet � C.

2.3 Boundaries, horns, skeletons
In this section, we describe some simplicial subsets of ∆n that will prove useful in what

follows.

Definition 2.3.1. Let id[n] = vn ∈ ∆n
n be the unique non-degenerate simplex. The

boundary of the standard simplex ∂∆n
• ⊂ ∆n

• is the smallest simplicial subset containing
all faces divn (0 ≤ i ≤ n). Concretely,

∂∆n
i = {f : [i]→ [n] | f is not surjective} ⊂ ∆n

i .

We also define (by convention) ∂∆0 = ∅.
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Definition 2.3.2. Let n ≥ 1 and 0 ≤ k ≤ n. The kth horn (Λn
k)• ⊂ ∆n

• is the smallest
simplicial subset containing the faces divn for i 6= k. Concretely, (Λn

k)i consists of the
order-preserving maps [i]→ [n] whose image does not contain [n]− {r}.

Lemma 2.3.3. 	 We have identifications :

HomsSet(Λn
k , X) = {(y0, . . . , ŷk, . . . , yn) ∈ (Xn−1)×n | diyj = dj−1yi, ∀i < j},

HomsSet(∂∆n, X) = {(y0, . . . , yn) ∈ (Xn−1)×n+1 | diyj = dj−1yi, ∀i < j}.

Definition 2.3.4. Let X• ∈ sSet be a simplicial set and n ≥ 0 an integer. Its n-skeleton
sknX• is the smallest simplicial subset of X• containing all non-degenerate simplices of
dimension ≤ n.

Definition 2.3.5. We denote by in : ∆≤n ↪→ ∆ the full subcategory whose objects are
the [k] with k ≤ n. The category of n-truncated simplicial sets s≤nSet is the category
HomCat(∆op

≤n, Set).

Lemma 2.3.6. 	 The construction skn defines a functor skn : sSet→ s≤nSet.

Proposition 2.3.7. 	 The restriction functor in∗ : sSet→ s≤nSet has a right adjoint
i∗n. There is a natural isomorphism :

sknX ∼= i∗nin∗X.

Remark 2.3.8. This functor also has a left adjoint i!n, and i!nin∗ is isomorphic to the
« coskeleton » functor.

Lemma 2.3.9. 	 Let X• be a simplicial set. The k-simplices of sknX• are the x ∈ Xk

such that there exist a surjection σ : ∆k → ∆l (where l ≤ n) and a non-degenerate
simplex y ∈ Xl with x = σ∗y.

Corollary 2.3.10. The canonical map colimn≥0 sknX → X is an isomorphism of
simplicial sets.

Corollary 2.3.11. Let n ≥ 0. The boundary ∂∆n is the (n − 1)-skeleton of ∆n :
∂∆n = skn−1 ∆n.

Proposition 2.3.12. 	 The boundary ∂∆n is given as the coequalizer :⊔
0≤i<j≤n

∆n−2 ⇒
⊔

0≤i≤n
∆n−1 → ∂∆n

corresponding to the relation djdi = didj−1.

Remark 2.3.13. This result can be used to define the skeleton by induction : there is a
cocartesian diagram ⊔

x∈Xn non-degen. ∂∆n skn−1 X

⊔
x∈Xn non-degen. ∆n sknX.
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Horns can also be defined in this way :

Proposition 2.3.14. 	 The kth horn Λn
k is given as the coequalizer :

⊔
0≤i<j≤n
i,j 6=k

∆n−2 ⇒
⊔

0≤i≤n
i 6=k

∆n−1 → Λn
k .

2.4 Model Structure
We will define a model structure on sSet such that the preceding adjunction is a

Quillen equivalence. The definitions of weak equivalences and fibrations resemble those
of weak homotopy equivalences and Serre fibrations.

Definition 2.4.1. A Kan fibration is a simplicial map p : X → Y that has the RLP
with respect to all inclusions Λn

k ⊂ ∆n :

Λn
k X

∆n Y

i p∃

Definition 2.4.2. A Kan complex is a simplicial set X such that the unique map to the
terminal simplicial set X → ∗ is a Kan fibration.

Concretely, a morphism is a Kan fibration if for every simplex y ∈ Yn and every n-tuple
z0, . . . , ẑk, . . . , zn ∈ Xn−1 satisfying p(zi) = di(y) and dizj = dj−1zi ∀i < j, there exists
x ∈ Xn such that p(x) = y and di(x) = zi. Geometrically, one can “fill” the horn.

Lemma 2.4.3 (Exercise). A continuous map p : X → Y is a Serre fibration if and only
if S•(p) is a Kan fibration.

Remark 2.4.4. Not all simplicial sets are Kan complexes. For example, ∆n is not one
for n ≥ 2. Consider the horn (−, y1, y2) : Λ2

0 → ∆2 where y1 = 0 → 2 ∈ ∆2
1 and

y2 = 0→ 1 ∈ ∆2
1. Then there is no x ∈ ∆2

2 such that d1x = y1 and d2x = y2. We would
necessarily have x = 0→ 2→ 1, which is not increasing.

Theorem 2.4.5 (Quillen [Qui67]). There exists a cofibrantly generated and combinatorial
model category structure on sSet, called the Quillen structure where :

– the weak equivalences are the simplicial maps f : X• → Y• such that |f | : |X•| → |Y•|
is a weak homotopy equivalence ;

– the fibrations are the Kan fibrations ;
– the cofibrations are the inclusions.
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To prove this theorem, we will apply Theorem 1.5.27 on cofibrantly generated model
categories. Let us begin by noting that limits and colimits are simply defined degree by
degree. We choose as generating cofibrations and generating acyclic cofibrations :

I = {∂∆n ⊂ ∆n}n≥0, J = {Λn
k ⊂ ∆n}n≥1.

By definition we indeed have F = J ⊥. Moreover, the sources of the morphisms of
I and J are small with respect to every simplicial set (thanks to the descriptions of
HomsSet(∂∆n,−) and HomsSet(Λn

k ,−)).
Let us verify that the cofibrations are the correct ones.

Lemma 2.4.6. A simplicial map is injective if and only if it is in ⊥(I⊥). Moreover,
every cofibration is in I-cell.

Démonstration. Let us first show that maps in ⊥(I⊥) are injective. By the small object
argument, f : X → Y ∈ ⊥(I⊥) factors as p∞i∞ where i∞ ∈ I-cell and p∞ = I⊥ (so
it is a Kan fibration). In particular f has the LLP with respect to p∞ and we have
seen previously that as a consequence, f is a retract of i∞. The map i∞ is obtained
as a transfinite composite of pushouts of injections. Now, in Set injections are always
split (every injection admits a right inverse) and split monomorphisms are stable under
pushouts and transfinite composites. Therefore i∞ is an injection.

Conversely, suppose that i : A→ X is injective and let us show that it is a countable
composite of pushouts of coproducts of maps in I, and therefore i ∈ I-cell ⊂ ⊥(I⊥). Set
A(0) = A. Suppose we have defined an injection ik : A(k) → X that is an isomorphism on
simplices of dimension < k, and let us extend it to an injection A(k+1) → X of the same
type. Let Sk be the set of k-simplices of X that are not in the image of ik (they cannot
be degenerate), which we put in correspondence with maps ∆k → X. For s ∈ Sk, the
restriction of s to ∂∆k factors through A(k). We then define A(k+1) as the pushout :

∐
s∈Sk

∂∆k A(k)

∐
s∈Sk

∆k A(k+1).

p

The induced map A(k+1) → X is surjective in dimension ≤ k by construction. It is
moreover injective, since we only add non-degenerate simplices.

Lemma 2.4.7. A relative J -cell complex is an acyclic cofibration : J -cell ⊂ W ∩ ⊥(I⊥).

Démonstration. The morphisms of J are injections, i.e. they are in ⊥(I⊥). A class of the
form ⊥(. . . ) is stable under pushouts, so J -cell ⊂ ⊥(I⊥).

The geometric realization of Λn
k → ∆n is isomorphic to [0, 1]n−1 ⊂ [0, 1]n, so |J |

is the set of acyclic cofibrations of Top. Now geometric realization is a left adjoint so
| ⊥(J ⊥)| ⊂ ⊥(|J |⊥) (exercise), and ⊥(|J |⊥) consists exactly of the acyclic cofibrations of
Top. In particular these are weak homotopy equivalences, so by definition ⊥(J ⊥) ⊂ W .
We therefore deduce that J -cell ⊂ ⊥(J ⊥) ⊂ W .
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Lemma 2.4.8. The elements of I⊥ are acyclic Kan fibrations.

Démonstration. Let p : X → Y ∈ I⊥. We have shown that p has the RLP with respect to
all inclusions. In particular it has the RLP with respect to J , i.e. p ∈ J ⊥, so by definition
it is a Kan fibration. It remains to show that |p| is a weak homotopy equivalence. Since p
has the RLP with respect to all inclusions, we can find a lifting :

X X

X × Y Y

(idX ,p) p
l

pY

And therefore p is a retract of pY :

X X × Y X

Y Y Y

iX

p

l

pY p

In particular, |p| is a retract of |pY |, which is a Serre fibration, so |p| is also one. Let
F = ∆0 ×Y X denote the fiber of p ; we want to show that |F | is contractible. Since p
has the RLP with respect to I and F → ∆0 is a pullback of p, then F → ∆0 also has the
RLP with respect to I. Therefore F → ∆0 has the RLP with respect to all inclusions. In
particular, F is non-empty ; let f ∈ F0 be a 0-simplex, and let f : F → F be the constant
map equal to f . Then we have a commutative diagram :

F × ∂∆1 F

F ×∆1 ∆0

(id,f)

H

where we can find a lifting, which is a homotopy between id |F | and a constant map. We
deduce that F is contractible, so by the long exact sequence in homotopy, |p| is a weak
homotopy equivalence, and therefore p is a weak equivalence.

Lemma 2.4.9. Acyclic fibrations are in I⊥.

Démonstration. This is the key point of the proof, and the most difficult one. The proof
relies on the theory of minimal fibrations and anodyne extensions. One may refer to
[GJ99, Theorem I.7.10] for the case of an acyclic fibration between fibrant objects, and
to [GJ99, Theorem I.11.2] for the case of an arbitrary acyclic fibration.

Proof of Theorem 2.4.5. We have just verified all the hypotheses of Theorem 1.5.27,
so sSet admits a cofibrantly generated model category structure. Moreover, sSet is
combinatorial since {∆n, ∂∆n} is a set of small generators.
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2.5 Equivalence with Top
Theorem 2.5.1 (Quillen equivalence between sSet and Top). The adjunction | − | :
sSet � Top : S• of Proposition 2.2.3 is a Quillen equivalence.

To prove this theorem, we will take a short detour through the enrichment of sSet over
itself and through simplicial homotopy groups.

2.5.1 Enrichment
We will also need the fact that the category sSet is enriched over itself. This means

that one can extend HomsSet(A,X) to a simplicial set whose vertices are exactly the
simplicial maps A→ X. (The category sSet is thus an example of a simplicial category,
see Section 4.3). The edges will correspond to homotopies between maps.

Definition 2.5.2. Let A,X be two simplicial sets. We define the space of simplicial
maps Map•(A,X) by :

Mapn(A,X) = HomsSet(A×∆n, X).

Its simplicial structure is induced by the cosimplicial structure of ∆•.

Lemma 2.5.3. There is a natural isomorphism Map•(∆0, X) ∼= X•.

Démonstration. This is essentially the Yoneda Lemma. Indeed, ∆0 ×∆n ∼= ∆n. Thus :

Mapn(∆0, X) ∼= HomsSet(∆n, X) ∼= Xn.

One easily checks that this isomorphism is compatible with faces and degeneracies.

Lemma 2.5.4. There is a natural isomorphism in (A,B,X) :

HomsSet(A,Map(B,X)) ∼= HomsSet(A×B,X).

In more sophisticated terms, one says that sSet is a cartesian closed sSet-enriched
category.

Démonstration. Let us define a map

ψ : HomsSet(A,Map(B,X))→ HomsSet(A×B,X). (2.5.5)

For f : A→ Map(B,X), we set :

ψ(f) : An ×Bn → Xn,

(a, b) 7→ f(a)︸ ︷︷ ︸
∈Mapn(B,X)=HomsSet(B×∆n,X)

(b, id[n]).

Let us verify that ψ(f) is a simplicial map. We check it for faces ; the proof for
degeneracies is identical.
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– On the one hand, we have di(ψ(f)(a, b)) = di(f(a)(b, id[n])). Now f(a) : B ×∆n →
X is simplicial, so di(f(a)(b, id[n])) = f(a)(di(b), ∂i) where ∂i ∈ ∆n

n−1.
– On the other hand, ψ(f)(dia, dib) = f(dia)(dib, id[n−1]). Now f is a simplicial map,

so f(dia)(dib, id[n−1]) = f(a)(dib, ∂i ◦ id[n−1]). We indeed have equality.
Conversely, we define ϕ : HomsSet(A × B,X) → HomsSet(A,Map(B,X)) as follows.

For g : A×B → X, we set :
ϕ(g)n : An → Mapn(B,X),

a 7→

Bk ×∆n
k → Xk,

(b, u) 7→ gk(u∗(a), b).

It remains to verify (exercise) that ϕ(g)(a) is a simplicial map B×∆n → X, that ϕ(g) is
a simplicial map A→ Map(B,X), and finally that ϕ and ψ are inverses of each other.

We will now show that Map behaves well with respect to the model structure. We will
use the following lemma when we study simplicial homotopy groups.

Let i : A→ B and p : X → Y be two simplicial maps ; then we have a commutative
diagram :

Map(B,X) Map(B, Y )

Map(A,X) Map(A, Y )

p∗

i∗ i∗

p∗

which induces a canonical map
(i∗, p∗) : Map(B,X)→ Map(A,X)×Map(A,Y ) Map(B, Y ). (2.5.6)

Proposition 2.5.7. Let i : A ↪→ B be a cofibration and p : X � Y a fibration. Then
the canonical morphism (i∗, p∗) of Equation (2.5.6) is a fibration. If moreover i or p is
acyclic, then (i∗, p∗) is acyclic.
Lemma 2.5.8. Let i : A ∼

↪−→ B be an acyclic cofibration and j : K ↪→ L a cofibration.
Then

i � j : (K ×B) ∪K×A (L× A)→ L×B
is an acyclic cofibration.
[REVIEWER NOTE : The proof of this lemma is incomplete as written and
appears to require additional justification.]

We can already prove Proposition 2.5.7 and a corollary using this lemma.

Proof of Proposition 2.5.7. We need to show that (i∗, p∗) has the RLP with respect to
the inclusions Λn

k

∼
↪−→ ∆n. Now, a diagram of the type on the left is equivalent to a diagram

of the type on the right :

Λn
k Map(B,X) (Λn

k ×B) ∪Λn
k

×A (∆n × A) X

∆n Map(A,X)×Map(A,Y ) Map(B, Y ) ∆n ×B Y

∼ (i∗,p∗) j p
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Now Λn
k

∼
↪−→ ∆n is an acyclic cofibration and A ⊂ B is a cofibration, so j is an acyclic

cofibration by Lemma 2.5.8. We can therefore find a lifting in the diagram on the right,
which corresponds to a lifting in the diagram on the left.

To show that (i∗, p∗) is acyclic when i or p is, we replace Λn
k ⊂ ∆n by ∂∆n ⊂ ∆n and

adapt.

Corollary 2.5.9. If i : A ∼
↪−→ B is an acyclic cofibration and X is a fibrant simplicial set,

then Map(B,X)→ Map(A,X) is an acyclic fibration. Dually, if p : X ∼−→→ Y is an acyclic
fibration and A is cofibrant, then Map(A,X)→ Map(A, Y ) is an acyclic fibration.

Démonstration. For the first case, it suffices to apply the previous proposition to i : A→
B and to p : X → ∗. We then have Map(A,X)×Map(A,∗) Map(B, ∗) ∼= Map(A,X). The
second case is dual.

Proof of Lemma 2.5.8. We fix j : K ↪→ L. Since i is an acyclic cofibration, it is a retract
of a relative J -cellular complex (where J = {Λn

k ↪→ ∆n}).
Let us show that the class of morphisms of the type (−) � j is stable under pushouts.

Suppose that D = B ∪A C. We want to show that we have a pushout :

(K ×B) ∪K×A (L× A) L×B

(K ×D) ∪K×C (L× C) L×D

We note that L×D = L×B ∪L×A L×D. Moreover, K ×D = K × C ∪K×A K ×B, so

K ×D ∪K×C L× C = (K ×B ∪K×A K × C) ∪K×C L× C
= K ×B ∪K×A L× C,

from which we deduce that

(K ×D ∪K×C L× C) ∪K×B×K×AL×A L×B = (K ×B ∪K×A L× C) ∪K×B×K×AL×A L×B
= L× C ∪L×A L×B = L×D

(where we used the fact that K ⊂ L is an inclusion in the passage to the last line).
Now let i : Λn

k

∼
↪−→ ∆n be a generating acyclic cofibration. Let us show that

i � j : K ×∆n ∪K×Λn
k
L× Λn

k → L×∆n

is an acyclic cofibration.

Lemma 2.5.10. The generating acyclic cofibrations i : Λn
k

∼
↪−→ ∆n are retracts of maps of

the type J � f where f : Λ1
ε

∼
↪−→ ∆1 is an inclusion for ε ∈ {0, 1}.
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Démonstration. See Figure 2.1. Let first k < n. We construct a diagram :

Λn
k

(
Λn
k ×∆1

)
∪Λn

k
×{0}

(
∆n × {0}

)
Λn
k

∆n ∆n ×∆1 ∆n

∼ ∼

σ rk

The map σ is induced by the map [n]→ [n]× [1], j 7→ (j, 1). The map rk is induced by
the map [n] × [1] → [n] such that rk(j, 1) = j, rk(j, 0) = j if j ≤ k and rk(j, 1) = k if
j > k. It is clear that rk ◦ σ = id and that the maps restrict correctly as shown in the
diagram.

If k = n, we instead set σ′(j) = (j, 0) and r′(j, 0) = j, r′(j, 1) = n.

↪−→

Figure 2.1 : Inclusion
(
Λn
k ×∆1

)
∪Λn

k
×{0}

(
∆n × {0}

)
⊂ ∆n ×∆1 for n = 2

We deduce from this lemma that a map is an acyclic cofibration if and only if it is a
(J � {f0, f1})-cellular complex where fε = Λ1

ε

∼
↪−→ ∆1. Using the stability under retracts

and pushouts of the classes (−) � (−), to conclude it therefore suffices to show that
i � j � f0 and i � j � f1 are acyclic cofibrations for any inclusion i and any generating
acyclic cofibration j ∈ J .

One easily sees that i � j is an inclusion. It is therefore a retract of a relative I-cellular
complex, and it suffices to show :
Lemma 2.5.11. If in : ∂∆n ↪→ ∆n is a generating inclusion, then

in � fε :
(
∂∆n ×∆1

)
∪∂∆n×Λ1

ε
∆n × Λ1

ε → ∆n ×∆1

is an acyclic cofibration for ε ∈ {0, 1}.

Démonstration. A k-simplex of ∆n ×∆1 is given by an increasing map [k]→ [n]× [1].
There are therefore n+ 1 non-degenerate simplices x0, . . . , xn ∈ (∆n ×∆1)n+1 given by

xj =
(
(0, 0), . . . , (j, 0), (j + 1, 1), . . . , (n, 1)

)
.

We note that ∂∆n ×∆1 is generated by the dixj for i 6= j, j + 1 and that ∆n × Λ1
ε is

generated by d0x0 and dn+1xn. The map in � fε is thus obtained by gluing x0 along a
Λn+1

1 , then x1 along a Λn+1
2 , etc. In the end, we find that in � fε is a relative J -cellular

complex and is therefore an acyclic cofibration.
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To summarize :
– the maps in � j � fε are acyclic cofibrations for in ∈ I, j ∈ J , fε : Λ1

ε

∼
↪−→ ∆1 ;

– hence all maps i � j � fε are acyclic cofibrations for a cofibration i, j ∈ J ;
– now, all acyclic cofibrations are (J � {f0, f1})-cellular complexes ;
– hence all maps i � j are acyclic cofibrations for a cofibration i and an acyclic

cofibration j.

2.5.2 Simplicial homotopy groups
Let us make explicit the (left) homotopy relation in sSet. If A is a simplicial set, a

natural cylinder is given by A tA = A× ∂∆1 ↪→ A×∆1 ∼−→ A. We deduce the following
definition :

Definition 2.5.12. Two simplicial maps f, g : A → X are homotopic (on the left) if
there exists h : A×∆1 → X making the following diagram commute :

A = A×∆0

A×∆1 X

A = A×∆0

f

h

g

We already know that ifX is fibrant, this gives an equivalence relation on HomsSet(A,X).
We can refine this notion slightly.

Definition 2.5.13. Let A be a simplicial set and B ⊂ A a simplicial subset. Two
simplicial maps f, g : A→ X whose restrictions to B coincide are homotopic relative to
B if there exists a homotopy h as above satisfying h|B×∆1(b, w) = f(b) = g(b).

It is not difficult to see that if X is fibrant, this induces an equivalence relation on
{f ∈ HomsSet(A,X) | f |B = ϕ} for fixed ϕ : B → X.

Definition 2.5.14. Let X• be a fibrant simplicial set, v ∈ X0 a vertex and n ≥ 1. The
nth simplicial homotopy group πn(X•, v) is the set of maps ∆n

• → X• that are constantly
equal to v on ∂∆n, modulo the homotopy relation rel ∂∆n.

Remark 2.5.15. If we define Sn = ∂∆n+1, then πn(X, v) is the set of pointed homotopy
classes of pointed maps HomsSet∗(Sn, X)/∼.

Definition 2.5.16. We also define π0(X•) as the set of homotopy classes of maps
∆0 → X (i.e. the vertices of X modulo the relation “being connected by a path”).

Remark 2.5.17 (Exercise). Concretely, π0(X) is the quotient of X0 by the following
relation :

x ∼ y ⇐⇒ ∃e ∈ X1 such that d0e = x and d1e = y.
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Remark 2.5.18. If X is not fibrant, we define πn(X, v) and π0(X) by first replacing X by
a fibrant simplicial set. In other words, we consider the total left derived functor of πn.

Proposition 2.5.19. Let X be a fibrant simplicial set, v ∈ X0 a vertex and n ≥ 1 an
integer. Then πn(X, v) is a group, which is abelian for n ≥ 2.

Démonstration. Let α, β : ∆n → X be two maps representing classes in πn(X, v). We
define [α] · [β] ∈ πn(X, v) as follows. We construct a map γ : Λn+1

n → X by setting γi = v
for 0 ≤ i ≤ n− 1, γn = α and γn+1 = β. (In compact notation : γ = (v, . . . , v,−, α, β).)
We indeed have diγj = dj−1γi. We can therefore find an extension ω : ∆n+1 → X
satisfying diω = γi. We then set [α] · [β] := [dnω].

Let us show that this operation is associative. The remaining properties are proved
exactly as in Top (exercise). Let α, β, γ : ∆n → X be maps representing elements of
πn(X, v). We can find simplices ωn−1, ωn+1, ωn+2 satisfying :

∂ωn−1 = (v, . . . , v, α, dnωn−1, β),
∂ωn+1 = (v, . . . , v, dnωn−1, dnωn+1γ),
∂ωn+2 = (v, . . . , v, β, dnωn+2, γ).

This defines a map (v, . . . , v, ωn−1,−, ωn+1, ωn+2) : Λn+2
n+1 → X, which we extend to ∆n+2.

We denote by ζ the nth face of the simplex found. Then ∂ζ = (v, . . . , v, x, dnωn+1, dnωn+2),
so :

([α][β])[γ] = [dnωn−1][γ]
= [dnωn+1]
= [dnζ]
= [α][dnωn+2]
= [α]([β][γ]).

With pictures, for n = 1 :

1 2

3

β

ααβ

ωn−1

0 1

3

γ

αβ(αβ)γ
ωn+1

0 1

2

γ

ββγ

ωn+2

and :

0

1

2

3

γ

β

βγ

(αβ)γ

αβ

α
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Lemma 2.5.20. Let X be a fibrant simplicial set. Then π0(X) ∼= π0(|X|).

Démonstration. There is a natural map π0(X)→ π0(|X|) sending a vertex to the path-
connected component of |X| containing it. It passes to the quotient by definition of |X|.
It is clearly surjective (since �n is path-connected). Let us show that it is also injective.
For α ∈ π0(X), we denote by Xα the simplicial subset formed by the simplices of X all of
whose vertices lie in α. One easily checks that X = ⊔

α∈π0(X) Xα. Geometric realization is
a left adjoint, so it preserves coproducts. Now the coproduct in Top is the disjoint union,
so two vertices in different classes of π0(X) are sent to different connected components
of |X|.

Proposition 2.5.21. Let X be a fibrant simplicial set, v ∈ X0 a vertex and n ≥ 1 an
integer. Then πn(X, v) ∼= πn(|X|, |v|).

Démonstration. The proof proceeds by induction. We just proved the case n = 0. Suppose
now that we have shown that πn(X, v) ∼= πn(|X|, |v|) for every fibrant simplicial set. The
trick is to translate the fact that πn−1(ΩX) ∼= πn(X) into the simplicial setting. We need
a few lemmas on fibrations and simplicial homotopy groups.

Lemma 2.5.22. Let p : X → Y be an acyclic fibration between fibrant simplicial sets.
Then π0(X)→ π0(Y ) is a bijection, and for all v ∈ X0 and n ≥ 1, πn(X, v)→ πn(Y, f(v))
is an isomorphism.

[REVIEWER NOTE : A proof is missing here ; the claimed isomorphism on
homotopy groups should be justified.]

Lemma 2.5.23. Let p : X → Y be a Kan fibration between fibrant simplicial sets. Let
v ∈ X0 be a vertex and F = Y ×X {p(v)} the fiber of p. Then we have a long exact
sequence :

· · · → πn(F, v)→ πn(X, v)→ πn(Y, p(v))→ πn−1(F, v)→ . . .

[REVIEWER NOTE : A proof is missing here ; the long exact sequence should
be established or cited.]

Lemma 2.5.24 (Useful elsewhere). The geometric realization of a Kan fibration is a
Serre fibration.

Démonstration. See [Hov99, Corollary 3.6.2].

We can now finish proving the proposition. Let v ∈ X0 be fixed. We define the path
space at v by the pullback :

PX Map(∆1, X)

X X ×X

π y (d∗
0,d

∗
1)

(v×idX)
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We verify that PX → X → {v} is an acyclic fibration, since it is pulled back from
Map(∆1, X)→ Map(∆0, X) which is one. We deduce that πn(PX) = 0 for n > 0. Set
ΩX = PX ×X {v} ; then the long exact sequence in homotopy tells us that πn−1(ΩX) ∼=
πn(X) for n > 0. Moreover, |PX| → ∗ is the geometric realization of an acyclic fibration,
and we saw in Lemma 2.4.8 that it is therefore an acyclic fibration, in particular a weak
equivalence. Since |π| is a Serre fibration, we recover a long exact sequence, which gives
(combined with the previous isomorphism) πn−1(|ΩX|, |v|) ∼= πn(|X|, |v|). We conclude
by the induction hypothesis.

2.5.3 End of the proof
Let us finish proving that Top and sSet are Quillen equivalent.

Proof of Theorem 2.5.1. The geometric realization of the generating cofibrations (resp.
generating acyclic cofibrations) are cofibrations (resp. acyclic cofibrations), so the ad-
junction is indeed a Quillen adjunction.

We will use the criterion of Proposition 1.6.17 to show that it is an equivalence. The
first thing to verify is that geometric realization reflects weak equivalences, which holds
by definition. The second thing to verify is that the derived counit is a weak equivalence.
Now, all simplicial sets (and in particular S•(X)) are cofibrant, so the derived counit
is simply the counit. It therefore remains to show that for an arbitrary topological
space X ∈ Top (necessarily fibrant), ε : |S•(X)| → X is a weak homotopy equivalence.
In other words, we need to show that π0(|S•(X)|) → π0(X) is a bijection and that
πn(|S•(X)|, |x|)→ πn(X, x) is an isomorphism for all x ∈ X.

Now, the simplicial set S•(X) is fibrant. Indeed, X is obviously fibrant, i.e. X → ∗ is
a Serre fibration. Therefore by Lemma 2.4.3, S•(X) is a Kan fibration. We thus have
πn(|S•(X)|, |v|) ∼= πn(S•(X), v) by the results of the previous section.

A class [α] ∈ πn(S•X, v) is represented by a simplicial map α : ∆n → S•X such that
α(∂∆n) = v. By adjunction, the set of such maps is in bijection with the set of maps
ᾱ : �n → X satisfying ᾱ(∂�n) = |v|. These ᾱ correspond exactly to the continuous maps
representing elements of πn(X, x). We further verify that HomsSet(∆n ×∆1, S•(X)) ∼=
HomTop(�n × [0, 1], X), so the equivalence relations are exactly the same and we have
the desired isomorphism.

2.6 Dold–Kan Correspondence
As mentioned at the beginning of the chapter, one can define simplicial and cosimplicial

objects in any category C (respectively as the category of functors ∆op → C and ∆→ C).
One can for example consider the category Ab of abelian groups. A simplicial abelian
group A• is nothing other than a sequence of abelian groups {An}n≥0 equipped with
group morphisms di : An → An−1 and sj : An → An+1 satisfying the simplicial relations.

Theorem 2.6.1 (Dold–Kan [Dol58 ; Kan58]). The category of simplicial abelian groups
sAb is equivalent to the category of positively graded chain complexes Ch≥0(Z).
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Démonstration. We will define an equivalence of categories

N∗ : sAb � Ch≥0(Z) : Γ•.

Let A• ∈ sAb be a simplicial abelian group. We define the chain complex N∗(A•) of
« normalized chains » as follows. In degree n, Nn(A•) is the abelian group

Nn(A•) := An/
n−1⊔
j=0

sj(An−1).

The differential d : Nn(A•) → Nn−1(A•) is given by the sum d = ∑n
i=0(−1)idi. One

verifies that d passes to the quotient and that d ◦ d = 0 thanks to the simplicial identities.
Remark 2.6.2. Let X be a topological space. Then the complex of singular chains of X
is none other than N∗(S•(X)).

Conversely, let C∗ ∈ Ch≥0(Z) be a chain complex. We define the simplicial abelian
group Γ•(C∗) as follows. In dimension n, we have :

Γn(C∗) =
⊕

ϕ:[n]�[p]
C(ϕ)
p .

Let f ∈ ∆n
m be an order-preserving map [m]→ [n]. Let us describe the structure map

f ∗ :
⊕

ϕ:[n]�[p]
C(ϕ)
p →

⊕
ψ:[m]�[q]

C(ψ)
q

on the factor corresponding to ϕ : [n] � [p]. The morphism ϕ ◦ f factors uniquely as a
surjection followed by an injection [m] ψ−→→ [q] ∂

↪−→ [p].
– If p = q (and thus ∂ = id[p]), then f ∗ sends C(ϕ)

p to C(ψ)
q = C(ψ)

p .

– If p = q + 1 and ∂ = ∂p, then f ∗ sends C(ϕ)
p to C(ψ)

q = C
(ψ)
p−1 via the differential.

– In all other cases, f ∗ vanishes on C(ϕ)
p .

One must then verify that these two constructions define functors, and that these two
functors are inverses of one another (exercise).

Example 2.6.3. Let us try to understand d2 : Γ2C → Γ1C. Recall that d0 = (∂0)∗ where
∂0 = 1→ 2 ∈ ∆2

1.
– We have Γ1C = C

(ψ1)
1 ⊕C(ψ0)

0 where the first factor is indexed by ψ1 = 0→ 1 ∈ ∆1
1

and the second by ψ0 = 0→ 0 ∈ ∆0
1.

– We also have Γ2C = C
(ϕ2)
2 ⊕ C(ϕ1)

1 ⊕ C(ϕ′
1)

1 ⊕ C(ϕ0)
0 , where the factors are indexed

by ϕ2 = 0 → 1 → 2 ∈ ∆2
2, ϕ1 = 0 → 1 → 1 ∈ ∆1

2, ϕ′
1 = 0 → 0 → 1 ∈ ∆1

2, and
ϕ0 = 0→ 0→ 0 ∈ ∆0

2.
We can then describe d2 on each factor of Γ2C :

– On x ∈ C(ϕ2)
2 , we have ϕ2 ◦ ∂2 = 0→ 1 ∈ ∆2

1. This map factors as [1] ψ1−→ [1] ∂2
−→ [2].

Thus d2x = dx ∈ C(ψ1)
1 .
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– On x ∈ C
(ϕ1)
1 , we have ϕ1 ◦ ∂2 = 0 → 1 ∈ ∆1

1. This map again factors as
[1] ψ1−→ [1]

id[1]−−→ [1], so d2x = x ∈ C(ψ1)
1 .

– On x ∈ Cϕ′
1

1 , we have ϕ′
1 ◦ ∂2 = 0→ 0 ∈ ∆1

1. This map factors as [1] ψ0−→ [0] ∂1
−→ [1].

Thus d2x = dx ∈ C(ψ0)
0 .

– On x ∈ C(ϕ0)
0 , we have ϕ0◦∂2 = 0→ 0 ∈ ∆2

0. This map factors as [1] ψ0−→ [0]
id[0]−−→ [0],

so d2x = x ∈ C(ψ0)
0 .

With a diagram :

Γ2C = C
(ϕ2)
2 ⊕ C

(ϕ1)
1 ⊕ C

(ϕ′
1)

1 ⊕ C
(ϕ0)
0

Γ1C = C
(ψ1)
1 ⊕ C

(ψ0)
0

d2
d id d

id

One can also easily compute that s0 : Γ1C → Γ2C identifies C(ψ0)
0 with C

(ϕ0)
0 and C

(ψ1)
1

with C
(ϕ1)
1 , while s1 identifies C(ψ0)

0 with C
(ϕ0)
0 and C

(ψ1)
1 with C

(ϕ′
1)

1 .

Theorem 2.6.4 (Quillen [Qui67]). The category sAb admits a model category structure
where the weak equivalences and fibrations are defined by considering the underlying
simplicial sets, and the cofibrations are the morphisms having the left lifting property with
respect to acyclic fibrations. With this structure on sAb and the projective structure on
Ch≥0(Z), the adjunction N a Γ is a Quillen equivalence.

We refer for example to [GJ99, Section III.2] for the proof. This Quillen equivalence
has nice properties. For example :

Proposition 2.6.5. Let A• be a simplicial abelian group. Then we have isomorphisms
for all n ≥ 0 :

πn(A, 0) ∼= Hn(N∗(A•)).

One can therefore easily construct a space of type K(A, n) : it suffices to consider the
chain complex Dn(A) with Dn(A)n = A and Dn(A)k = 0 for k 6= n ; then |Γ•(Dn(A))| is
a topological space of type K(A, n). By playing with the adjunctions and the fact that
C∗(X) = C∗(S•(X)), one can also show that[

X, |Γ•(Dn(A))|
] ∼= Hn(X;A).
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Homotopy theory is a powerful theory, but computations can prove to be extremely

complex. For example, computing the homotopy groups of simple spaces (e.g. spheres)
remains an inaccessible task to this day.

Rational homotopy theory offers a compromise between computability and the amount
of information given about a space. In this theory, one « forgets » the torsion and non-
commutativity in the homotopy groups of a space. In doing so, one loses information (the
projective plane becomes contractible over Q, for example) but gains in computability :
the rational homotopy groups of spheres are completely determined, which is not the
case over Z.

In this chapter, we will focus on the rational homotopy theory of Sullivan [Sul77]. The
idea is as follows. For simplicity, we consider simply connected spaces. One can detect
whether a continuous map f : X → Y is a weak homotopy equivalence by considering
the induced maps on π∗(−), or else (since the spaces are simply connected) on H∗(−; Z).
Now, the homotopy groups π≥2 and the homology groups H∗(−; Z) are abelian, and
one can therefore « rationalize » them by applying the functor −⊗Z Q. This operation
kills the torsion and retains only the ranks of the abelian groups (if they are of finite
type). One can therefore introduce a new class « of equivalences », the rational homotopy
equivalences, which are the maps inducing an isomorphism on π∗(−)⊗Z Q or equivalently
on H∗(−; Q).

Rational homotopy theory is concerned with the question of when two spaces are
rationally equivalent. To this end, one asks which invariants are preserved by rational
homotopy equivalences. For various reasons, one restricts to simply connected spaces.
Sullivan’s foundational theory gives the answer : all possible rational invariants of X are
contained in the commutative differential graded algebra (CDGA) of piecewise polynomial
forms Ω∗

PL(X). This CDGA is analogous to that of de Rham differential forms on a
smooth manifold, Ω∗

dR(X), the latter being moreover quasi-isomorphic to Ω∗
PL(X)⊗Q R.

More precisely, the main theorem of this chapter states that there exists a model category
structure on simply connected topological spaces whose weak equivalences are the rational
homotopy equivalences, and a Quillen equivalence between this category and simply
connected CDGAs embodied by the functor Ω∗

PL.

Convention 3.0.1. Throughout this chapter, the base field will be Q.

3.1 Bousfield Localization
In this section, we localize sSet with respect to the field Q.
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Definition 3.1.1. Let (M,W ,C ,F ) be a model category. A left Bousfield localization
of M is a model category structure (M,Wloc,Cloc,Floc) having the same cofibrations
(Cloc = C ) and more weak equivalences (Wloc ⊃ W ). 1

Remark 3.1.2. Given a model category (M,W ,C ,F ) and a class of weak equivalences
Wloc ⊃ W , it is not always true that the associated left Bousfield localization exists. One
may refer to [Hir03, Theorem 4.1.1] for an example of an existence theorem.
Remark 3.1.3. Since fibrations are determined as the morphisms having the RLP with
respect to acyclic cofibrations, we deduce that a left Bousfield localization has fewer
fibrations than the original category, Floc ⊂ F (since the condition is more restrictive).
On the other hand, the acyclic fibrations are the same (Floc ∩Wloc = F ∩W ) since these
are given by the RLP with respect to cofibrations.

Proposition 3.1.4. Let M = (M,W ,C ,F ) be a model category and Mloc = (M,Wloc,C ,Floc)
a left Bousfield localization. Then idM : Mloc � M : idM is a Quillen adjunction, and
the derived adjunction L id : Ho(Mloc) � Ho(M) : R id exhibits Ho(Mloc) as a reflective
subcategory. 2

Definition 3.1.5. A simplicial set X• is called 1-reduced if X0 = X1 = ∗ are singletons.
We denote by sSet≥2 ⊂ sSet the full subcategory of 1-reduced simplicial sets.

Remark 3.1.6. The geometric realization of a 1-reduced simplicial set is a simply connected
topological space.

Proposition 3.1.7. The category sSet≥2 inherits a model category structure from sSet.

Démonstration. One needs to verify that the construction of functorial factorizations by
the small object argument preserves the subcategory of 1-reduced spaces.

Theorem 3.1.8 (Serre [Ser53]). Let f : X• → Y• be a simplicial map between 1-reduced
simplicial sets. The following statements are equivalent :

1. f∗ : H∗(|X|; Q)→ H∗(|Y |; Q) is an isomorphism ;
2. f ∗ : H∗(|Y |; Q)→ H∗(|X|; Q) is an isomorphism ;
3. f∗ : π∗(X)⊗Z Q→ π∗(Y )⊗Z Q is an isomorphism.

Definition 3.1.9. A simplicial map satisfying the conditions of the preceding theorem
is called a rational equivalence. We denote by ∼Q the rational equivalences.

Theorem 3.1.10 (Quillen [Qui69]). Let WQ be the class of rational equivalences in
sSet≥2. Then the left Bousfield localization of sSet≥2 with respect to WQ exists. We denote
it sSetQ

≥2.

We can describe the fibrant objects of sSetQ
≥2.

1. A right Bousfield localization is a model category structure having the same fibrations and more
weak equivalences. We will not use this notion here.

2. It is a full subcategory and the inclusion has a left adjoint.
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Definition 3.1.11. A simplicial set is rational if all its homotopy groups πn(X) are
Q-vector spaces.
Proposition 3.1.12. A 1-reduced simplicial set is fibrant in sSetQ

≥2 if and only if it is
fibrant in sSet≥2 (i.e. it is a Kan complex) and it is rational.
Démonstration. Let X be a 1-reduced simplicial set.

Suppose that X → ∗ is a fibration in sSetQ
≥2. Since sSetQ

≥2 has fewer fibrations than
sSet≥2, we deduce that X → ∗ is a Kan fibration. Let us show that moreover X is
rational. Let n ≥ 2. The canonical map k∗ : Sn → Sn of degree k ≥ 2 is a rational
equivalence, which we can replace by a cofibration i : Sn

∼Q
↪−→ A with A ' Sn. The map i

is an acyclic cofibration in sSetQ
≥2. We can therefore find a lift in the following diagram :

Sn X

A ∗

∼Q

which shows that πn(X) ·k−→ πn(X) is a bijection. The converse uses the theory of minimal
fibrations (see Section 2.4) and we refer to [Qui69, Proposition 2.4]
Corollary 3.1.13. Every 1-reduced simplicial set has a rational replacement X ∼−→ XQ,
where XQ is a rational simplicial set.

3.2 Commutative Differential Graded Algebras
3.2.1 Definitions
Definition 3.2.1. A cochain complex (positively graded) is a graded vector space
V = ⊕

n≥0 V
n equipped with differentials d : An → An+1 satisfying d ◦ d = 0. We denote

by Ch≥0(Q) the category of cochain complexes and their morphisms.
We write deg a = p for the degree of a homogeneous element a ∈ V p. If the notation

deg a appears in an equation, we assume by default that the element is homogeneous,
extending linearly to the whole graded space as needed.
Definition 3.2.2. A differential graded algebra (DGA) is a cochain complex A equipped
with a bilinear map µ : A⊗ A→ A and a unit η : Q→ A that is associative and unital :

A⊗ A⊗ A A⊗ A A A⊗ A A

A⊗ A A A

µ⊗1

1⊗µ µ

1⊗η

idA

µ

η⊗1

idA
µ⊗µ

and which satisfies the Leibniz rule :
d(µ(a⊗ b)) = µ(da⊗ b) + (−1)deg aµ(a⊗ db).

A morphism of DGAs f : A→ A is a linear map that preserves the product, the unit,
and the differential.
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In the following, we will simply write a · b (or even ab) for the product µ(a⊗ b), and
1 = η(1) ∈ A0 will be the unit. Associativity then reads a · (b · c) = (a · b) · c, unitality
reads a · 1 = a = 1 · a, and the Leibniz rule reads d(a · b) = da · b+ (−1)deg aa · db.

Proposition 3.2.3. Let A be a DGA. Then the cohomology H∗(A) is a graded algebra.

Démonstration. This follows immediately from the Leibniz rule.

Definition 3.2.4. A commutative differential graded algebra (CDGA) is a DGA satisfying
the following property : if a ∈ Ap and b ∈ Aq are homogeneous elements, then b · a =
(−1)(deg a)(deg b)(a · b). We denote by CDGA the category of CDGAs and their morphisms.

Proposition 3.2.5. The cohomology of a CDGA is a commutative graded algebra.

Remark 3.2.6. If a ∈ A has odd degree, then the equation a · a = −a · a implies a2 = 0.
On the other hand, if b ∈ A has even degree, then it commutes with all elements of a
(including those of odd degree).

Let V be a cochain complex. The symmetric group Sn acts on V ⊗n via the “Koszul
sign rule” (inspired by the definition of a commutative graded algebra). Concretely, if
σi = (i i+1) ∈ Sn is a transposition, then :

(v1 ⊗ · · · ⊗ vi ⊗ vi+1 ⊗ · · · ⊗ vn) · σi = (−1)|vi| |vi+1|v1 ⊗ · · · ⊗ vi+1 ⊗ vi ⊗ · · · ⊗ vn.

This action is extended to Sn = 〈σ1, . . . , σn−1 | σ2
i = 1, σiσi+1σi = σi+1σiσi+1〉 by

verifying compatibility with the relations. We will sometimes abusively denote the sign
by ±.

Definition 3.2.7. Let G be a group and V a representation of G. We define the
coinvariants VG as the quotient V/∼ where x ∼ g ·x. The invariants V G are the subspace
{v ∈ V | g · x = x}.

Definition 3.2.8. Let V be a cochain complex. The symmetric algebra on V , denoted
S(V ), is given by :

S(V ) :=
⊕
r≥0

S(r)(V ) :=
⊕
r≥0

(V ⊗r)Sr .

The differential is given by the Leibniz rule :

d(v1 . . . vn) =
n∑
i=1

(−1)|v1|+···+|vi−1|v1 . . . vi−1(dvi)vi+1 . . . vn.

Concretely, S(V ) is the tensor product Q[V even]⊗ Λ(V odd) of the polynomial algebra
on even-degree elements and the exterior algebra on odd-degree elements. To compute
the differential, one uses the Koszul sign rule by assuming that the symbol d has degree
1.
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Proposition 3.2.9. There is an adjunction :

S : Ch≥0(Q) � CDGA : U,

where S is the “symmetric algebra” functor and U is the “forgetful functor” which
associates to a CDGA its underlying cochain complex.

Concretely, this means that a morphism of CDGAs f : S(V ) → A is uniquely
determined by its restriction to V ⊂ S(V ).

Corollary 3.2.10. There is a natural isomorphism S(V ⊕W ) ∼= S(V )⊗ S(W ).

Démonstration. Since S is a left adjoint functor, it preserves colimits, which are respec-
tively ⊕ in Ch≥0(Q) and ⊗ in CDGA.

Proposition 3.2.11. Let A = S(V ) be the free CDGA on a cochain complex V . Then
H∗(A) is the free symmetric algebra on H∗(V ).

Démonstration. The proof uses the Künneth formula and the fact that if G is a finite
group acting on a cochain complex C (in Q-vector spaces), then H∗(CG) ∼= H∗(C)G. Note
that the proof only works in characteristic zero. In characteristic p, the fact that the
characteristic divides the order of Sn for n ≥ p causes problems.

Definition 3.2.12. Let A be a CDGA and k ∈ Z an integer. A derivation (of degree k) δ :
A→ A is a linear map of degree k satisfying the Leibniz rule δ(ab) = δa·b+(−1)k·deg aa·δb.

Example 3.2.13. The differential of a CDGA is a derivation of degree 1.

Proposition 3.2.14. Let A = S(V ) be a free CDGA on a cochain complex V . A
derivation δ : A→ A is uniquely determined by its restriction to V ⊂ A.

Démonstration. Almost identical to the proof that S is adjoint to U .

Let us now describe a generalization of free CDGAs. This generalization will be used
to describe the cofibrant objects of CDGA in the next section.

Definition 3.2.15. A CDGA A is called quasi-free if its underlying commutative graded
algebra is free.

This means that A = (S(V ), d) where V is a graded vector space and d : S(V )→ S(V )
is a derivation of degree 1 satisfying d ◦ d = 0. As in the case of free CDGAs, this
derivation d is uniquely determined by its restriction d|V to V ⊂ S(V ). However,
the image of d|V is not necessarily contained in V and may involve polynomials of
higher weight. This restricted differential d|V in fact decomposes as d0 + d1 + . . . where
di : V → S(i)(V ) = (V ⊗i)Si

is the term of weight i.

Example 3.2.16. Consider the graded vector space V generated by two variables x = x2
and y = y3, of respective degrees 2 and 3. The symmetric algebra on V is the tensor
product S(V ) = Q[x] ⊗ Λ(y). We define a derivation d : S(V ) → S(V ) by dx = 0 and
dy = x2, extended by the Leibniz rule. More precisely, we compute that d(xk) = 0 and
d(xky) = xk+2. One then easily verifies that d ◦ d = 0, so (S(V ), d) is a quasi-free CDGA.
It is not free on V , since dy = x2 is not linear.
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The equation d ◦ d transforms into a complicated series of equations in terms of the di.
We note in particular that d1 is a differential on V . A morphism f : (S(V ), d)→ (S(W ), d)
between two quasi-free CDGAs is entirely determined by its restriction f |V : V → S(W ),
which decomposes as f0 +f1 + . . . where fi : V → S(i)(W ). The equation f ◦d = d◦f also
becomes a complicated series of equations. One of these relations states that f1d1 = d1f1.
We can therefore define :

Definition 3.2.17. Let f : (S(V ), d) → (S(W ), d) be a morphism between quasi-free
CDGAs. The linear part of f is the induced map :

f1 : (V, d1)→ (W,d1).

An analogue of this linear part can be defined for augmented CDGAs.

Definition 3.2.18. An augmentation of a CDGA A is a morphism of CDGAs ε : A→ Q
(which therefore satisfies ε(ab) = ε(a)ε(b), ε(1) = 1, and ε(da) = 0). An augmented
CDGA is a CDGA A equipped with an augmentation ε. If A is an augmented CDGA,
we denote by Ā = ker ε its augmentation ideal.

Definition 3.2.19. Let A be an augmented CDGA. Its indecomposables complex QA
is the quotient QA = Ā/Ā · Ā equipped with the induced differential. We then call the
“homotopy groups of A” 3

πn(A) = Hn(QA).

Example 3.2.20. If A = (S(V ), d) is quasi-free, then QA ∼= (V, d1).

3.2.2 Transfer of the model category structure
We will seek to apply the following theorem to Proposition 3.2.9.

Definition 3.2.21. Let F : D � M : U be an adjunction, where D is a model category.
We say that a morphism f ∈ HomM(X,Y ) is a fibration (resp. a weak equivalence) if
U(f) is one, and that it is a cofibration if f has the LLP with respect to all acyclic
fibrations. The model category structure thus defined on M – if it exists – is called the
right transferred structure.

Theorem 3.2.22 (Quillen [Qui67]). Let D be a model category cofibrantly generated
by (I,J ). Suppose that the sources of the morphisms of I and J are κ-compact for
some given cardinal κ. Let F : D � M : U be an adjunction, where M is a complete and
cocomplete category.

If the following conditions are satisfied :
1. the functor U preserves κ-sequential colimits ;
2. one or the other of the following conditions holds :

3. These are rather its André–Quillen homology. We will see in Section 3.3 that this indeed corresponds
to the homotopy groups of a topological space.
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3.2 Commutative Differential Graded Algebras

a) if a morphism of M has the LLP with respect to all fibrations, then it is a
weak equivalence ;

b) or for every A ∈ M, every X f−→ Y ∈ J , and every F (X)→ A, the canonical
map A→ A tF (X) F (Y ) is sent to a weak equivalence by the functor U ;

then the right transferred structure on M defines a model category structure, cofibrantly
generated by (F (I), F (J )) (whose sources are κ-compact), and the adjunction F a U is
a Quillen adjunction.

Before proving the theorem, let us first give the application. Recall that Sn(Q) ∈
Ch≥0(Q) is the complex given by Q concentrated in degree n, and Dn(Q) = · · · → 0→
Q

idQ−−→ Q→ 0→ . . . concentrated in degrees n− 1 and n.
Proposition 3.2.23. There exists a model category structure on Ch≥0(Q) (called the
projective structure) whose weak equivalences are the quasi-isomorphisms, whose fibrations
are the surjective morphisms in every degree, and whose cofibrations are the injective
morphisms in strictly positive degree. It is cofibrantly generated by I = {Sn(Q)→ Dn(Q)}
and J = {0→ Dn(Q)}.
Démonstration. Identical to what can be found in Section 1.5.1.
Corollary 3.2.24. The adjunction S : Ch≥0(Q) � CDGA : U satisfies the hypotheses of
Theorem 3.2.22. The right transferred model category structure on CDGA therefore exists.
Démonstration. A κ-sequential colimit in CDGA is computed as a κ-sequential colimit
in Ch≥0(Q) equipped with a canonical CDGA structure. Condition 1. of the theorem is
therefore satisfied.

We will now verify condition 2.b of the theorem. We must therefore verify that
for every CDGA A and every n ≥ 0, the canonical map (in the category of CDGAs)
A→ A⊗S(Dn(Q)) is a quasi-isomorphism. By the Künneth formula, H∗(A⊗S(Dn(Q))) =
H∗(A)⊗H∗(S(Dn(Q))). By Proposition 3.2.11, H∗(S(Dn(Q))) = S(H∗(Dn(Q))) and it is
immediate that Dn(Q) is acyclic. We therefore deduce that H∗(A⊗ S(Dn(Q))) = H∗(A),
and one easily verifies that A→ A⊗ S(Dn(Q)) induces the identity in cohomology.

Remark 3.2.25. We used the hypothesis that the base field was Q (or more generally a
field of characteristic zero) twice :

– to apply the Künneth formula, it is necessary to work over a field ;
– for H∗(S(V )) = S(H∗(V )), it is necessary to have a field of characteristic zero.

Proof of Theorem 3.2.22. Let us verify that M is a model category with the considered
classes. Axiom (MC1) – complete + cocomplete – holds by hypothesis. Axiom (MC2) –
2 out of 3 – holds because U is a functor and D satisfies (MC2). Similarly, the fibrations
and weak equivalences of M are stable under retracts ; since the classes of morphisms
defined by a lifting property are stable under retracts, we deduce that the cofibrations of
M are also stable under retracts and that axiom (MC3) is satisfied.

Axiom (MC4)(i) – C ⊥ F ∩ W – holds by definition of the cofibrations of M. It
remains to verify (MC4)(ii) – C ∩W ⊥ F – and (MC5) – the factorizations. We will
need a few lemmas.
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Lemma 3.2.26. A morphism f ∈ HomM(X,Y ) is a fibration (resp. acyclic fibration) if
and only if it has the RLP with respect to F (J ) (resp. F (I)).

Démonstration. Follows from the fact that F a U and that D is cofibrantly generated by
(I,J ).

Lemma 3.2.27. Retracts of F (I)-cell complexes (resp. F (J )-cell complexes) have the
LLP with respect to acyclic fibrations (resp. fibrations).

Démonstration. Follows from the previous point and the stability of classes of type ⊥(−)
under pushouts and retracts.

Lemma 3.2.28. Every retract of a F (J )-cell complex is a weak equivalence in M.

Démonstration. Corollary of the previous lemma and condition 2. of the theorem.

We can now prove (MC5) using the small object argument. Given f :∈ HomM(X,Y ),
we can factor it as X → G∞(F (I), f) → Y . In the first case, X → G∞(F (I), f) is an
F (I)-cell complex, hence a cofibration ; moreover G∞(F (I), f)→ Y has the RLP with
respect to F (I), so it is an acyclic fibration. The other part of (MC5) is similar, replacing
I by J .

Let us finally prove (MC4)(ii). Let i : A→ B be an acyclic cofibration, i.e., i has the
LLP with respect to acyclic fibrations and U(i) is a weak equivalence. Let us show that i
has the LLP with respect to fibrations. Using the small object argument, we can factor i
as A i∞−→ G∞(F (J ), i) p∞−−→ B, where i∞ is a J -cell complex and p∞ is a fibration. By 2
out of 3, p is in fact an acyclic fibration. We can therefore find a lifting in the following
diagram :

A G∞(F (J ), i)

B B

j

∼

i∞ p∞l

We then obtain that i is a retract of i∞. Now i∞ is a J -cell complex and therefore
has the LLP with respect to fibrations by one of the lemmas above, which allows us to
conclude.

Example 3.2.29 (Exercise). Another example of an application of the transfer theorem
is the following. Let A be a CDGA. An A-module is a cochain complex M equipped with
a bilinear map A⊗Q M → M satisfying a · (b ·m) = ab ·m and 1 ·m = m. We denote
by ModA the category of A-modules and their morphisms. There is a forgetful functor
ModA → Ch≥(Q) which forgets the action of A. One can then verify that this functor
satisfies the axioms of the transfer theorem, and that ModA is equipped with a projective
model category structure.

If f : A→ B is a morphism of CDGAs, then there is a Quillen adjunction :

f! : ModA � ModB : f ∗.
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The functor f ∗ is defined by f ∗M with an action given by a ·m = f(a) ·m. The functor f!
is given by f!N = B⊗AN , where A acts on B via f , and the action is b ·(x⊗m) = bx⊗m.
If f is a quasi-isomorphism, then this adjunction is a Quillen equivalence.

3.2.3 Sullivan theory
All CDGAs are fibrant. In this section, we will describe the cofibrant objects. We will

also explicitly describe how to represent homotopies between morphisms of CDGAs.

Definition 3.2.30. A Sullivan algebra is a quasi-free CDGA A = (S(V ), d) where V =
V ≥1 and which is equipped with a filtration of the cochain complex V by subcomplexes :

0 ⊂ V (0) ⊂ V (1) ⊂ V (2) ⊂ · · · ⊂ V,

such that d(V (0)) = 0 and d(V (k + 1)) ⊂ S(V (k)) for k ≥ 0.
A relative Sullivan algebra is an inclusion A→ (A⊗S(V ), d) where V = V ≥1 is filtered

V (0) ⊂ V (1) ⊂ . . . V such that d(V (0)) ⊂ A and d(V (k + 1)) ⊂ A⊗ S(V (k)).

Definition 3.2.31. A minimal algebra is a Sullivan algebra A = (S(V ), d) such that
d(V (k)) ⊂ S(≥2)(V (k − 1)), i.e., the differential is decomposable. A relative minimal
algebra is a relative Sullivan algebra satisfying an analogous condition.

Example 3.2.32. The CDGA A = (S(x2, y3), dy = x2) is a minimal algebra. Indeed,
one can set V (0) = 〈x〉, V (1) = 〈x, y〉.

Example 3.2.33. The CDGAs S(Dn(Q)) and S(Sn(Q)) are Sullivan algebras. The first
is not minimal but the second is. The inclusion S(Sn(Q)) → S(Dn(Q)) is a relative
minimal algebra.

Example 3.2.34. The algebra A = (S(x1, y1, z1), dx = yz, dy = zx, dz = xy) is not a
Sullivan algebra.

Proposition 3.2.35. A CDGA A is cofibrant if and only if it is a retract of a Sullivan
algebra. Similarly, i : A → B is a cofibration if and only if it is a retract of a relative
Sullivan algebra.

Démonstration. The generating cofibrations I = {S(Sn(Q))→ S(Dn(Q))} are relative
Sullivan algebras, so all cofibrations are relative Sullivan algebras. 4

Remark 3.2.36. A minimal algebra A = (S(V ), d) is automatically augmented, and its
homotopy groups (Definition 3.2.19) are given by πn(A) = V n.

Proposition 3.2.37. Let f : A = (S(V ), d)→ B = (S(W ), d) be a morphism between
Sullivan algebras. Then f is a quasi-isomorphism if and only if f1 : (V, d1)→ (W,d1) is
one. If moreover both algebras are minimal, then f is a quasi-isomorphism if and only if
it is an isomorphism.

4. To find the filtration, one considers the filtration G0(I,−) ⊂ G1(I,−) ⊂ · · · ⊂ G∞(I,−) in the
small object argument.
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Démonstration. The proof of the first statement relies on spectral sequence arguments
that we will not detail here (exercise).

For the second statement, it is clear that if f is an isomorphism then it is a quasi-
isomorphism. Conversely, if f is a quasi-isomorphism, then by the first point f1 is a
quasi-isomorphism. Since the algebras are minimal, d1 = 0, so f1 is in fact an isomorphism.
We have a morphism of long exact sequences (associated to short exact sequences of the
type Ā2 → Ā→ QA) :

0 H1(Ā2) = 0 H1(Ā) H1(QA) H2(Ā2) H2(Ā) H2(QA) . . .

0 H1(B̄2) = 0 H1(B̄) H1(QB) H2(B̄2) H2(B̄) H2(QB) . . .

f1∼= ∼= f1

We then apply the five lemma by induction and use the fact that Hn(Ā2) is expressed
solely in terms of V <n (thanks to V = V ≥1) to conclude.

Definition 3.2.38. A Sullivan model (resp. minimal model) of a CDGA A is a Sullivan
algebra (resp. minimal algebra) (S(V ), d) equipped with a quasi-isomorphism (S(V ), d) ∼−→
A. A Sullivan model (resp. minimal model) of a morphism f : A→ B is a factorization
A→ (A⊗ S(V ), d) ∼−→ B where A→ (A⊗ S(V ), d) is a relative Sullivan (resp. minimal)
algebra.

Using the axioms of model categories, every CDGA has a Sullivan model, and every
morphism has a Sullivan model. Two minimal models of the same CDGA are isomorphic.

Example 3.2.39. Consider the cohomology of the sphere S2. It is given by H∗(S2) =
Q⊕ Qx2, where x is an element of degree 2 with square zero. This algebra is not free on
x despite appearances : since deg x is even, the relation x2 = 0 is non-trivial. To find a
minimal model, we “resolve” the relation x2 = 0 by adding a generator y whose differential
“kills” x2. We then obtain A = (S(x2, y3), dy = x2) which is indeed a minimal algebra, and
the morphism A→ H∗(S2) given by x 7→ x and y 7→ 0 is indeed a quasi-isomorphism.

Example 3.2.40. A fairly interesting case of a minimal model of a morphism is that
of the multiplication 5 µ : A⊗ A → A where A = (S(V ), d) is a minimal algebra. One
must find a factorization (S(V )⊗ S(V ), d)→ (S(V )⊗ S(V )⊗ S(W ), D) ∼−→ (S(V ), d) of
µ, where the first map is the canonical inclusion and the second is a quasi-isomorphism.
For W , we take V [−1], a copy of V shifted in degree by 1 upward (i.e., if v ∈ V k, then
the corresponding element v̄ ∈ W k+1W is in degree k + 1). The goal is to construct a
differential D on S(V )⊗ S(V )⊗ S(V [−1]) that extends the differentials of S(V ) (i.e.,
D(v ⊗ 1⊗ 1) = dv ⊗ 1⊗ 1 and D(1⊗ v ⊗ 1) = 1⊗ dv ⊗ 1) and such that D(1⊗ 1⊗ v̄)
identifies v ⊗ 1⊗ 1 and 1⊗ v ⊗ 1 up to homotopy. This is constructed by induction, see
for example [FOT08, Example 2.48].

5. Since A is commutative, one verifies that µ is indeed a morphism of CDGAs.
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We now make explicit the (right) homotopy relation between morphisms of CDGAs.
As seen in Section 1.4.2, to define a homotopy between f, g : A→ B, one must find a
path object for the CDGA B. There is a simple (and natural !) way to find one for any
CDGA B. It is inspired by topological constructions : in Top, a path object for a space
X is simply given by X × I where I = [0, 1] is an interval. Getting slightly ahead of
ourselves (see Section 3.3 : we have I = Ω∗

PL(∆1)), we set :
Definition 3.2.41. The interval in CDGA is the quasi-free CDGA I = (S(t, dt), d) where
deg t = 0, deg dt = 1, and the differential is given by d(t) = dt and d(dt) = 0.
Lemma 3.2.42. Let B be any CDGA. A path object for B is given by

B
∼
↪−→ B ⊗ I (ev0,ev1)−−−−−→→ B ⊕B,

where B → B ⊗ I is the canonical inclusion and the morphisms ev0, ev1 are defined by :
evi(b⊗ P (t)) = P (i) · b, evi(b⊗ P (t)dt) = 0.

Definition 3.2.43. A Sullivan homotopy between two morphisms of CDGAs f, g : A→ B
is a morphism of CDGAs H : A→ B ⊗ I such that f = (1⊗ ev0)H and g = (1⊗ ev1)H.

Concretely, a Sullivan homotopy H : A→ B ⊗ I between f and g is of the form
H(a) = H0(a) +H1(a)t+H2(a)t2 + · · ·+H ′

0(a)dt+H ′
1(a)tdt+H ′

2(a)t2dt+ . . .

whereH0(a) = f(a),∑i≥0 Hi(a) = g(a), andH satisfies a series of equations imposing that
H is an algebra morphism and H◦d = d◦H (for example H1(ab) = f(a)H1(b)+H1(a)f(b),
H ′

0(da) = f(a), etc).
Proposition 3.2.44. Let A = (S(V ), d) be a Sullivan algebra. Then two morphisms
f, g : A→ B are right homotopic if and only if they are Sullivan homotopic.
Démonstration. Since B ⊗ I is a path object for B, by definition a Sullivan homotopy
is a right homotopy. Conversely, suppose that f and g are right homotopic, i.e., there
exists a path object B ∼

↪−→ P →→ B ×B and a right homotopy H : A→ P between f and
g. We can find a lifting in the commutative square :

B B ⊗ I

P B ×B

∼

∼

(ev0,ev1)l

and then l ◦H is a Sullivan homotopy between f and g.

We conclude with a definition that will be useful in the next section :
Definition 3.2.45. A CDGA A is called 1-reduced if A0 = Q (necessarily generated by
the unit) and A1 = 0. We denote by CDGA≥2 ⊂ CDGA the full subcategory of 1-connected
CDGAs.
Proposition 3.2.46. The subcategory CDGA≥2 ⊂ CDGA inherits a model category
structure.
Démonstration. As for sSet≥2 ⊂ sSet, one must verify that the liftings and factorizations
remain in the subcategory.
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3.3 Comparison between CDGA and rational homotopy
We will show that there exists a Quillen equivalence between CDGA≥2 and sSetQ

≥2.
Remark 3.3.1. It has been known for a short time that this equivalence can be generalized
to the setting of connected and nilpotent simplicial sets [FHT15].

3.3.1 The adjunction
The adjunction is inspired by the CDGA of de Rham differential forms on a smooth

manifold, adapted for arbitrary simplicial sets and with rational rather than real coeffi-
cients. The idea is that a simplicial set is formed of simplices glued together ; a form on
a simplicial set is therefore simply a form on each simplex, compatible with the faces
and degeneracies.

We recall that the geometric realization of ∆n is homeomorphic to the topological
space �n = {(t0, . . . , tn) ∈ Rn+1 | ti ≥ 0, t0 + · · ·+ tn = 1}.

Definition 3.3.2. Let n ≥ 0 be an integer. The CDGA of polynomial forms on the
simplex ∆n is :

Ω∗
PL(∆n) := S(t0, . . . , tn, dt0, . . . , dtn)

(t0 + · · ·+ tn = 1, dt0 + · · ·+ dtn = 0) .

We have |ti| = 0, |dti| = 1, and the differential is given by d(ti) = dti and d(dti) = 0.

Remark 3.3.3. This CDGA is of course isomorphic to S(t1, . . . , tn, dt1, . . . , dtn), but this
isomorphism “breaks” the symmetry of ∆n. In particular Ω∗(∆1) is the interval I of
Section 3.2.3.

The simplices ∆n form a cosimplicial object ∆• in simplicial sets. We can use this
structure to define a simplicial object (by contravariance) from the Ω∗

PL(∆n) :

Lemma 3.3.4. The CDGAs Ω∗
PL(∆n) assemble to form a simplicial CDGA Ω∗

PL(∆•),
with structure maps :

di(tk) =


tk, if k < i,

0, if k = i,

tk−1, if k > i;
sj(tk) =


tk, if k < i,

tk + tk+1, if k = i,

tk+1, if k > i.

This simplicial CDGA has several useful properties, which will allow us for example to
show that Ω∗

PL(X) has the same cohomology as X.

Lemma 3.3.5 (Poincaré Lemma). For all n ≥ 0, the unit η : Q → Ω∗
PL(∆n) is a

quasi-isomorphism.

Démonstration. We have an isomorphism Ω∗
PL(∆n) ∼=

⊗n
i=1 S(ti, dti). It is clear that each

S(ti, dti) is acyclic (the differential is such that d(tki ) = ktk−1
i dti), so Ω∗

PL(∆n) is acyclic
by the Künneth formula.

70



3.3 Comparison between CDGA and rational homotopy

Lemma 3.3.6. For all i ≥ 0, the identity of the simplicial Q-module Ωi(∆•) is homotopic
to the constant map 0, that is, there exist linear maps Hn : Ωi(∆n)→ Ωi(∆n+1) satisfying
d0Hn = id, d1H0 = 0, dj+1Hn = Hn−1dj for n > 0, and sj+1sj = Hnsj. In particular, the
geometric realization of Ωi(∆•) is contractible.

Démonstration. Let n ≥ 0 and N be an integer such that N > 2i. One can then define :

Hn : Ωi(∆n)→ Ωi(∆n+1),

P · dtm1 . . . dtmi
7→ P · tnn+1 ·

dtm1tn+1 − dtn+1 · tm1

t2n+1
. . .

dtmi
tn+1 − dtn+1 · tmi

t2n+1
.

One then verifies the desired equations manually (see [Fre17, Proposition 7.1.3] for
details).

Lemma 3.3.7 (Extendability). Let n ≥ 1 be an integer and I ⊂ [n] a subset. For any
family {ωi ∈ Ωd

PL(∆n−1)}i∈I satisfying the equations diωj = dj−1ωi for i < j ∈ I, there
exists ω ∈ Ωd

PL(∆n) such that diω = ωi.

Démonstration. Suppose given forms ωi as in the statement. We set ζ−1 = 0 ∈ Ωd
PL(∆n)

and we will construct by induction forms ζr ∈ Ωd
PL(∆n) satisfying diζr = ωi for I 3 i ≤ r.

Suppose ζr−1 has been constructed and satisfies the previous hypothesis. If r 6∈ I, we
simply set ζr = ζr−1. Otherwise, we extend the CDGA Ω∗(∆n) to

B :=
(

Ω∗(∆n)
[ 1
1− tr

]
, d
( 1

1− tr

)
= dtr

(1− tr)2

)
.

We define ϕ : Ω∗(∆n−1)→ B by

ϕ(ti) =


ti

1−tr , if i < r,
ti+1
1−tr , if i ≥ r;

ϕ(dti) = d(ϕ(ti)).

We can also extend the face map dr to dr : B → Ω∗
PL(∆n−1) by setting dr( 1

1−tr ) = 1. We
can then write

ϕ(ωr − drζr−1) = 1
(1− tr)n

ψ for ψ ∈ Ωd
PL(∆n).

We then set ζr = ζr−1 + ψ and verify that ζr satisfies the induction hypothesis (see
[FHT01, Lemma 10.7] for details).

We can now define piecewise polynomial forms on a simplicial set.

Definition 3.3.8. The functor of piecewise polynomial forms is :

Ω∗
PL : sSet→ CDGAop, X 7→ HomsSet(X•,Ω∗

PL(∆•)).

If X is a topological space, we also define Ω∗
PL(X) = Ω∗

PL(S•(X)).
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Concretely, an element ω ∈ Ωi
PL(X) is a collection {ωσ ∈ Ωi(∆n)}σ∈Xn,n≥0 of polynomial

forms on the simplices of X satisfying diωσ = ωdiσ and sjωσ = ωsjσ. The product and
differential are defined termwise : (dω)σ = d(ωσ) and (αβ)σ = ασβσ.
Remark 3.3.9. By the Yoneda lemma, we indeed have that Ω∗

PL(∆n) from Definition 3.3.2
corresponds to that of Definition 3.3.8.

With a little abstract nonsense, we easily find a left adjoint for Ω∗
PL.

Lemma 3.3.10 (Exercise). The functor Ω∗
PL : sSetop → CDGA admits a left adjoint,

called the realization functor :

〈−〉 : CDGA→ sSetop, A 7→ 〈A〉• := HomCDGA(A,Ω∗
PL(∆•)).

Let us conclude with a PL analogue of the de Rham theorem. Let X be a simplicial
set. We can linearize it degree by degree to obtain a simplicial vector space Q[X] (a basis
in degree n being given by the set Xn). We construct a chain complex from Q[X] by
setting Cn(X) = Q[Xn] and the differential is given by d = ∑(−1)idi (compare with N∗X
in Section 2.6). Finally, we can dualize degree by degree to obtain a cochain complex
C∗(X). The cup product defines a DGA structure on C∗(X) (which is not commutative
in general).

Theorem 3.3.11 (Sullivan). There exists a natural quasi-isomorphism of cochain com-
plexes, which induces an isomorphism of CDGAs in cohomology :∫

: Ω∗
PL(X)→ C∗(X).

For an element ω = {ωσ ∈ Ωn(∆d)}σ∈Xd
and σ ∈ Xn, we write ωσ = fσdt1 . . . dtn, then∫

ω : Xn → Q, σ 7→
∫

∆n
fσdt1 . . . dtn.

Moreover, the isomorphism in cohomology is induced by a zigzag of natural quasi-
isomorphisms of DGAs between Ω∗

PL and C∗.

Démonstration. The fact that
∫

is well defined follows from manual verification. The fact
that it is a quasi-isomorphism follows from the Poincaré lemma and Stokes’ formula. For
the last point, we use the zigzag of quasi-isomorphisms of simplicial CDGAs C∗(∆•)→
C∗(∆•)⊗Ω∗

PL(∆n)← Ω∗
PL(∆•). We use this to define functors on sSet defined analogously

to Ω∗
PL and we note that C∗(X) ∼= HomsSet(X,C∗(∆•)). The extendability of Ω∗

PL(∆•) and
C∗(∆•) allows us to show that HomsSet(X,−) preserves quasi-isomorphisms of simplicial
CDGAs, and we can conclude.

Proposition 3.3.12. The adjunction 〈−〉 : CDGA � sSetop : Ω∗
PL of Lemma 3.3.10 is a

Quillen adjunction.

Démonstration. We will verify that the realization of a generating cofibration of CDGAs
is a fibration, and that the realization of a generating acyclic cofibration is an acyclic
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fibration. By adjunction and by the Yoneda lemma (compare with Lemma 1.5.8), we
have simplicial bijections :

〈S(Dn(Q))〉 ∼= Ωn−1
PL (∆•) and 〈S(Sn(Q))〉 ∼= Zm

(
Ω∗

PL(∆•)
)
.

The map induced by in : S(Sn(Q)) → S(Dn(Q)) is simply the differential i∗n = d :
Ωn−1

PL (∆•)→ Zm
(
Ω∗

PL(∆•)
)
. By Lemma 3.3.6, this map is surjective. In the same way, the

map induced by the generating acyclic cofibration jn : S(0) = Q→ S(Dn(Q)) is identified
with Ωn

PL(∆•)→ ∗, which is a weak equivalence by Lemma 3.3.6. It only remains to show
that these are fibrations, which follows from Lemma 3.3.14.

Lemma 3.3.13 (Moore [Moo54]). Let G• be a simplicial group, that is, a simplicial object
in the category of groups. Then the underlying simplicial set of G• is a Kan complex.

Démonstration. Let x = (x0, . . . , x̂k, . . . , xn) : Λn
k → G be a horn of G, i.e. a collection

of (n− 1)-simplices satisfying dixj = dj−1xi (whenever both expressions are well defined).
There then exists an explicit algorithm that fills the n-simplex.

– If k = 0, we set wn = sn−1xn then, incrementing the indices one by one, wi =
wi+1 · (si−1diwi+1)−1 · si−1xi. Then x = w1 ∈ Gn fills the horn in the sense that
dix = xi.

– If k = n, we reason in reverse. We set w0 = s0x0 then wi = wi−1 · (sidiwi−1)−1 · sixi.
Then wn fills the horn.

– Finally, if 0 < k < n, we begin by setting w0 = s0x0, then increment by defining wi =
wi−1(sidiwi−1)−1sixi up to defining wk−1. We then set wn = wk−1(sn−1dnwk−1)−1sn−1xn,
and decrement down to wk+1 by setting wi = wi+1(si−1diwi+1)−1si−1xi. We then
verify that wk+1 indeed fills the simplex.

Lemma 3.3.14. Let f : A• → B• be a morphism of simplicial abelian groups. If f is
surjective in each degree, then it is a Kan fibration.

Démonstration. We consider a commutative diagram :

Λn
l A

∆n B

α

in f

β

l

We view β as an n-simplex β ∈ Bn. Since f is surjective, there exists θ ∈ An such that
f(θ) = β, but of course we do not necessarily have diθ = αi. However, i∗nθ − α defines
a horn Λn

k → ker f . Since ker f is a simplicial group, it is fibrant by Lemma 3.3.13,
so there exists x ∈ (ker f)n whose restriction to Λn

k is i∗nθ − α. We then verify that
l := θ − x : ∆n → B indeed defines a lift in the diagram.

We can also define an analogue of the mapping space of Definition 2.5.2.
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Definition 3.3.15. Let A,B be two CDGAs. We define the mapping space by :

Map•(A,B) = HomCDGA(A⊗ Ω∗
PL(∆•), B).

In particular, Map0(A,B) = HomCDGA(A⊗ Ω∗
PL(∆0), B) = HomCDGA(A,B).

Proposition 3.3.16. Let f, g : A→ B be two morphisms of CDGAs. Then f is Sullivan
homotopic to g if and only if f and g are in the same connected component of Map•(A,B).

Démonstration. This is immediate from the definition of Sullivan homotopy (where we
note that I = Ω∗

PL(∆1)).

3.3.2 The equivalence
We arrive at the key theorem of this chapter.

Proposition 3.3.17. The adjunction 〈−〉 : CDGA � sSetop : Ω∗
PL restricts to a Quillen

adjunction CDGA≥2 � sSetQ,op
≥2 .

Démonstration. The adjunction passes to the 1-reduced (resp. 1-connected) categories.
Indeed, it is clear that if X is 1-reduced then Ω∗

PL(X) is 1-connected, and that if A is
1-connected then 〈A〉 is 1-reduced. To show that the adjunction is compatible with the
Bousfield localization, we must show that Ω∗

PL sends fibrations (resp. acyclic fibrations)
of sSetop,Q≥2 to fibrations (resp. acyclic fibrations) of CDGA. By Proposition 3.3.12, Ω∗

PL
preserves fibrations of sSetop (which are in fact cofibrations), and the fibrations of sSetop,Q

≥2
are the same as before localization. Moreover, thanks to Theorems 3.1.8 and 3.3.11, Ω∗

PL
preserves weak equivalences, which allows us to conclude.

Theorem 3.3.18. The preceding adjunction induces an equivalence between
– Ho(sSetQ,op

≥ )tf : the full subcategory of the homotopy category Ho(sSetQ
≥2) of 1-

reduced spaces whose homology is of finite type 6 ; and
– Ho(CDGA≥2)tf : the full subcategory of the homotopy category of CDGAop

≥2 of 1-
connected CDGAs of finite type.

Remark 3.3.19. One cannot really speak of a Quillen equivalence between sSetQ,op
≥2,tf and

CDGAtf : these categories are neither complete nor cocomplete.
Remark 3.3.20. One can replace simplicial sets by topological spaces (cf. Section 2.5).

To prove the theorem, we will study the unit and counit of the derived adjunction
L〈−〉 a RΩ∗

PL. In particular, we must study the behavior of Ω∗
PL on cofibrant CDGAs.

Lemma 3.3.21. The cofibrant objects of CDGA≥2 are the minimal algebras.

Démonstration. We have seen that the cofibrant objects of CDGA are the retracts of
Sullivan algebras (Proposition 3.2.35). In CDGA≥2, a Sullivan algebra is automatically
minimal. Moreover, any retract of a connected Sullivan algebra is again a Sullivan
algebra.

6. That is, finite-dimensional in each degree
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Lemma 3.3.22. Let A = (S(V ), d) be a minimal 1-connected CDGA. Then for all n ≥ 2,
there exists a non-degenerate pairing :

πn(〈A〉)× V n → Q

which induces, if V n is finite-dimensional, a natural isomorphism 7 in A :

V n ∼= HomQ(πn(〈A〉),Q).

Sketch of proof (see [FHT01, Theorem 15.11] for more details). To simplify notation, we
set X := 〈A〉 in what follows. Let us first define the pairing. Since X is simply
connected, we have πn(X) ∼= HomHo(sSet≥2)(Sn, X) where Sn = ∂∆n+1. The rational
homotopy class of γ ∈ πn(X) therefore corresponds (by adjunction) to an element
of HomHo(CDGA)(A,Ω∗

PL(Sn)). We verify (Example 3.4.5) that Ω∗
PL(Sn) ' H∗(Sn) =

S(x)/(x2) where deg x = n. The class γ thus induces an element γ∗ ∈ HomHo(CDGA)(A, S(x)/(x2)).
We then define the pairing of γ with v ∈ V n ⊂ An as the coefficient of x in γ∗(v). We
verify that this defines a bilinear pairing that does not depend on the choices of homotopy
classes.

This pairing induces a linear map ϕn : V n → HomQ(πn(X),Q). Let us verify that it
is an isomorphism. Let r be the smallest integer such that πr(X) 6= 0. For n < r, we
have Hn(X) = 0 by the Hurewicz theorem, so necessarily V n = 0 (since the algebra is
minimal and 1-connected), and thus ϕn is an isomorphism. We deduce that ϕr is also an
isomorphism, again by the Hurewicz theorem (since HomQ(πr(X),Q) ∼= Hr(X; Q) ∼= V r).

We have thus shown that if X is an (r− 1)-connected space then ϕn is an isomorphism
for n ≤ r. We can find a fibration F → X

p−→ K(πr(X), r) such that πr(p) is the identity ;
the space F is therefore r-connected. We can thus apply 8 the result to F and apply the
five lemma to deduce that ϕr+1 is an isomorphism. We conclude by induction.

Lemma 3.3.23. Let A = (S(V ), d) be a minimal 1-connected CDGA of finite type. Then
the counit of the derived adjunction of Theorem 3.3.18 at A is a quasi-isomorphism :

A
∼−→ Ω∗

PL(〈A〉).

Démonstration. Let us first treat the case where V = V n is concentrated in a single
degree. The previous lemma tells us that X = 〈A〉 is rationally equivalent to an Eilenberg–
MacLane space of type K(ZdimV , n), whose rational cohomology we know how to compute
(for example with spectral sequences, and using the classical computation of the coho-
mology of S1 = K(Z, 1)) : it is precisely the symmetric algebra generated by dim V
generators in degree n. In this case, we therefore indeed have a quasi-isomorphism
A = (S(V n), 0)→ Ω∗

PL(〈A〉).
For the general case, we filter V by setting V <n = ⊕

i<n V
i. By minimality, the

differential of A restricts to S(V <n), and the quotient S(V <n+1)/(S(V <n)) is isomorphic

7. We use the isomorphism (QA)n ∼= V n to define the functoriality of V with respect to A.
8. We implicitly use the fact that we know the minimal models of fibrations, see Section 3.4.3. A

careful reader can verify that there is no circular reasoning.
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to S(V n) with zero differential. Since V <2 = 0, we can apply the result of the previous
paragraph to show that the lemma holds for (S(V <3), d). We have commutative diagrams :

(S(V <n), d) (S(V <n+1), d) (S(V n), 0)

Ω∗
PL(〈S(V <n), d〉) Ω∗

PL(〈S(V <n+1), d〉) Ω∗
PL(〈S(V n, 0)〉)

By induction, the lemma holds for the CDGA on the left, and we showed in the previous
paragraph that it holds for the one on the right. By the five lemma, it therefore holds for
the one in the middle. We conclude by passing to the colimit A = colimn(S(V <n), d).

Lemma 3.3.24. Let X be a fibrant 1-reduced simplicial set. Then the unit of the derived
adjunction of Theorem 3.3.18 at X is a rational equivalence :

X
∼Q−→ 〈Ω∗

PL(X)〉.

Démonstration. By definition, we must show that the following morphism of DGAs is a
quasi-isomorphism :

C∗(〈Ω∗
PL(X)〉)→ C∗(X).

Thanks to Theorem 3.3.11, it suffices in fact to show that the following morphism is a
quasi-isomorphism :

Ω∗
PL(〈Ω∗

PL(X)〉)→ Ω∗
PL(X).

Let us choose a cofibrant (hence minimal) replacement A = (S(V ), d) ∼−→ Ω∗
PL(X). We

then obtain a commutative diagram :

Ω∗
PL(〈Ω∗

PL(X)〉) Ω∗
PL(X)

A

f

∼

We then deduce from the previous lemma that f is a quasi-isomorphism.

Remark 3.3.25. One can show that 〈A〉 is a rational space for any CDGA A. We thus
obtain that the rationalization XQ of a fibrant 1-reduced simplicial set is 〈Ω∗

PL(X)〉.

Proof of Theorem 3.3.18. We have just shown that the unit and counit of the adjunction
between the corresponding homotopy categories are isomorphisms (i.e. quasi-isomorphisms
and rational equivalences, respectively).

3.4 Applications
3.4.1 Models
Proposition 3.4.1. The rational equivalence classes of 1-reduced simplicial sets of finite
type correspond to the isomorphism classes of minimal 1-connected CDGAs of finite type.
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Démonstration. This follows directly from Theorem 3.3.18 and the description of cofibrant
CDGAs in CDGA≥2 (Lemma 3.3.21).

Definition 3.4.2. Let X be a 1-reduced simplicial set. A (Sullivan) model of X is a
1-connected CDGA quasi-isomorphic to Ω∗

PL(X). A minimal model of X is a model that
is a minimal CDGA. If Y is a topological space, a (minimal) model of Y is a (minimal)
model of S•(Y ).

Corollary 3.4.3. Every 1-reduced simplicial set of finite type admits a unique minimal
model of finite type up to isomorphism.

This corollary is fundamental : the rational homotopy type of a simply connected
space of finite type is thus entirely determined by a purely algebraic datum : a minimal
1-connected CDGA of finite type. One can compute “everything” about this rational
homotopy type in a purely combinatorial manner (provided one manages to determine a
minimal model, which is far from trivial in general.) For example :

Corollary 3.4.4. Let X be a 1-reduced simplicial set of finite type and A = (S(V ), d)
its minimal model.

– There is an isomorphism of graded commutative algebras H∗(X; Q) ∼= H∗(A).
– For all n ≥ 2, there are isomorphisms of vector spaces V n ∼= Hom(πn(X),Q).
– The Whitehead bracket πn+1(X) × πm+1(X) → πn+m+1(X) is dual (under the

preceding isomorphism) to the quadratic part of the differential, d2 : V n+m+1 →
V n+1 ⊗ V m+1 ⊂ S(2)(V )n+m+2.

Example 3.4.5 (Spheres). Let n ≥ 2. Consider the sphere Sn = ∆n/∂∆n. Its rational
cohomology is A = H∗(Sn) = S(x)/(x2) where deg x = n.

– If n = 2k + 1 is odd, then H∗(S2k+1) is free (hence minimal) on the generator
x. There exists a direct quasi-isomorphism H∗(S2k+1) → Ω∗

PL(S2k+1), obtained
by sending x to any volume form. We thus obtain that the minimal model of
S2k+1 is S(x). We immediately find that π2k+1(S2k+1) = Q and πi(S2k+1) = 0 for
2 ≤ i 6= 2k + 1.

– If n = 2k is even, then H∗(S2k) is not free. A minimal model is given by M =
(S(x, y), dy = x2) (where deg y = 4k − 1). There is a quasi-isomorphism M →
Ω∗

PL(S2k), obtained by sending x to a volume form and y to a form satisfying dy = x2

(which necessarily exists since [x2] = 0 in cohomology). We thus obtain that H∗(S2k)
is indeed a model for S2k. We can also compute the rational homotopy groups :
since there are two generators in the minimal model, π2k(S2k) = π4k−1(S2k) = Q
and πi(S2k) = 0 for 2 ≤ i 6= 2k, 4k − 1.

We thus recover a theorem of Serre on the homotopy groups of spheres.

Example 3.4.6. Consider the complex projective space CPn (with n ≥ 1). Its cohomology
is H∗(CPn) = S(x)/(xn+1) where deg x = 2. As before, we find as minimal model
A = (S(x, y), dy = xn+1).

77



3 Rational homotopy theory

Example 3.4.7. Let A be the minimal model of X and B the minimal model of Y .
Then the product X × Y has minimal model A ⊗ B. The wedge X ∨ Y has minimal
model A⊕Q B, the quotient of A⊕B by the relation (1, 0) = (0, 1) with multiplication
a · b = 0 if a ∈ Ā and b ∈ B̄.
Example 3.4.8. Let G be a finite-dimensional Lie group. One can show that the minimal
model of G is a free algebra on generators of odd degree. In particular, all homotopy
groups of even degree of a Lie group are torsion.

3.4.2 Formality
Spheres, complex projective spaces and Lie groups belong to a very special class of

spaces : their cohomology is a (not necessarily minimal) model for their rational homotopy
type.
Definition 3.4.9. A simplicial set X (1-reduced of finite type) is formal if its rational
cohomology H∗(X; Q) is quasi-isomorphic as a CDGA to Ω∗

PL(X).
Remark 3.4.10. Over a field, a cochain complex is always quasi-isomorphic to its co-
homology. In the preceding definition, it is essential to take into account the CDGA
structure.
Example 3.4.11. Spheres, complex projective spaces and Lie groups are formal.
Example 3.4.12. The suspension ΣX of any space is formal.
Example 3.4.13. The product and the wedge of two formal spaces are formal.
Example 3.4.14 ([DGMS75]). A compact Kähler manifold 9 is formal.
Example 3.4.15 ([FOT08, Proposition 2.99]). Let X be a (p − 1)-connected space
(p ≥ 2) of dimension ≤ 3p− 2. Then X is formal.
Example 3.4.16 ([Hes07, p.13]). One can find an example of a non-formal space as
follows. Consider

A = (S(x3, y3, z5), dz = xy).
One easily computes that H0(A) = Q1, H3(A) = Qx ⊕ Qy, H8(A) = Qxz ⊕ Qyz and
H11(A) = Qxyz (and all other cohomology groups are zero). Since A is minimal (hence
cofibrant), if there existed a zigzag of quasi-isomorphisms between A and H∗(A), then
there would exist a direct quasi-isomorphism f : A → H∗(A). For degree reasons, we
would necessarily have f(z) = 0, hence f(xyz) = 0. The morphism f therefore cannot be
a quasi-isomorphism.
Example 3.4.17 ([FOT08]). One can find a non-formal manifold as follows. Let q :
S2 × S2 → S4 be the map that collapses S2 ∨ S2 to a point. Let M = S7 ×S4 (S2 × S2),
where S7 → S4 is the Hopf fibration. The minimal model of M is then given by(

S(a2, b2, u3, v3, t3), da = 0, db = 0, du = a2, dv = b2, dt = ab
)
.

One can verify that this CDGA is not formal.
9. This is a symplectic manifold (X, ω) equipped with an integrable almost complex structure J such

that (u, v) 7→ ω(u, Jv) is a symmetric positive definite bilinear form on each tangent space TxX.
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3.4.3 Models of fibrations
Sullivan models are particularly well-suited for studying fibrations :

Theorem 3.4.18 ([FHT01, Theorem 15.3]). Let p : E → B be a fibration with fiber F ,
with E and B simply connected of finite type. Assume furthermore that F is of finite type.
Let A = (S(V ), d) be the minimal model of B and i : (S(V ), d) → (S(V ⊕W ), D) the
minimal model of p. Then the quotient (S(W ), d̄) = (S(V ⊕W ), D)/(S(≥1)(V )⊗ S(W ))
is the minimal model of F .

This theorem is often used “in reverse” : if one knows the minimal model (S(V ), d) of
B and the minimal model (S(W ), d̄) of F , one knows that the minimal model of E will
be of the form (S(V ⊕W ), D) where D extends d and induces d̄ on the quotient.

Example 3.4.19 (Path space). Let (X, x0) be a pointed space (simply connected of
finite type). We define its path space, equipped with the compact-open topology :

PX := {γ : [0, 1]→ X | γ(0) = x0}.

This space is contractible, a homotopy being given by H(γ, t) : s 7→ γ(ts). There is a
fibration π : PX → X given by π(γ) = γ(1), and the fiber π−1(x0) is none other than
the loop space ΩX. We thus obtain a fibration ΩX → PX → X.

Let (S(V ), d) be the minimal model of X. Since PX is contractible, we find that the
minimal model of π is (S(V ⊕V [−1]), D) where V [−1] is a copy of V shifted in degree by 1
(whose elements we denote v̄ with deg v̄ = deg v+1), with differential D(v̄) = v± d̄v. The
minimal model of ΩX is therefore given by (S(V [−1]), d̄ = 0) : since d is decomposable,
d̄v vanishes in the quotient. We thus “recover” the fact that the homotopy groups of
ΩX are the same as those of X, shifted in degree (which is obvious from the long exact
sequence of the fibration). We also note that ΩX is formal (which can be deduced from
the fact that it is an H-space 10).

3.4.4 Real homotopy type
In certain cases, the rational homotopy type of a space X is still too “strong” an

invariant. Sometimes one cannot avoid the real numbers, for example when one wants to
compute integrals on a manifold. In this section, we adapt the notion of rational model
to the notion of “real model”. Since both fields Q and R appear, we shall be careful to
use indices (−)Q or (−)R to indicate in which category the objects or morphisms lie.

Definition 3.4.20. A real model of a 1-reduced simplicial set of finite type is a 1-
connected CDGA quasi-isomorphic to Ω∗

PL(X)⊗Q R. A minimal real model is a real model
that is a minimal CDGA.

Proposition 3.4.21. If A is a rational model of X, then it is a real model of X.
10. An H-space is a topological space X equipped with a map µ : X ×X → X and an element e ∈ X

such that µ(e,−) and µ(−, e) are homotopic to the identity.
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Démonstration. The Q-module R is flat, since it is free (as all Q-vector spaces, assuming
the axiom of choice). The functor −⊗QR is therefore exact. If we have a quasi-isomorphism
A

∼Q←− · ∼Q−→ Ω∗
PL(X), then A⊗QR

∼R←− ·⊗QR
∼R−→ Ω∗

PL(X)⊗QR is a quasi-isomorphism.

Example 3.4.22. The converse is false. For a counterexample, it suffices to exhibit two
1-connected CDGAs with real coefficients that are quasi-isomorphic over R but not over
Q. An example is given by [FOT08, Example 2.38]. Let a > 0 be a rational number. We
define :

Aa := (S(e2, x4, y7, z9), da),
where the differential is given by :

da(e) = 0, da(x) = 0, da(y) = x2 + ae4, da(z) = e5.

Then Aa 'Q Aa′ ⇐⇒ a/a′ is the square of a rational number :
– If a/a′ = τ 2 where τ ∈ Q, then we define a quasi-isomorphism ϕ : Aa → Aa′ by
ϕ(e) = e, ϕ(x) = τx, ϕ(y) = τ 2y and ϕ(z) = z.

– Conversely, if Aa and Aa′ are quasi-isomorphic, then since they are minimal there
exists a direct quasi-isomorphism ϕ : Aa → Aa′ . By reasoning about the coefficients
of ϕ one deduces that a/a′ is a square (exercise).

By reusing the proof of the first point and the fact that every rational number is the
square of a real number, we deduce that Aa and Aa′ are always quasi-isomorphic over R.
Thus for example A√

2 and A1 are quasi-isomorphic over R but not over Q.

However, there is a partial converse to the proposition. Recall that a space X is formal
(over Q) if Ω∗

PL(X) 'Q H∗(X; Q). Analogously, a space is said to be formal over R if
Ω∗

PL(X)⊗Q R 'R H
∗(X; R).

Theorem 3.4.23 ([FOT08, Proposition 2.101]). A 1-reduced simplicial set of finite type
is formal over Q if and only if it is formal over R.

Sketch. The proof uses obstruction theory. LetX be a space as in the statement. For a field
K, there exists a chain complex DK

X and a sequence of obstructions d2, d3, · · · ∈ H∗(DK
X)

such that X is formal if and only if d2 = d3 = · · · = 0. One can show that the complex
DR
X is obtained as DQ

X ⊗Q R and that the obstructions over R arise from the obstructions
over Q (dR

i = dQ
i ⊗ 1). One deduces that they vanish over Q if and only if they vanish

over R.

When a space is a manifold, one can use the tools of differential geometry to study its
real homotopy type :

Theorem 3.4.24 (Real models and differential forms). Let M be a simply connected
smooth manifold of finite type, and Ω∗

dR(M) its CDGA of de Rham differential forms.
Then any 1-connected CDGA of finite type quasi-isomorphic to Ω∗

dR(M) is a real model
of M .

Sketch. This follows essentially from the de Rham theorem : Ω∗
dR(M) 'R C

∗(X; R) (to
be precise, one would need to reuse the properties of Ω∗

PL seen in Section 3.3.2).
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3.4 Applications

3.4.5 Dichotomy theorem
Let us conclude with an interesting example of an application of Sullivan’s theory. (We

will not state the theorem in full as this would require certain notions that we have not
covered.)

Definition 3.4.25. Let X be a simply connected space of finite type. It is called rationally
elliptic if ∑k≥2 rang πk(X) < +∞, and rationally hyperbolic otherwise.

Definition 3.4.26. Let X be a simply connected space of finite type. If the rational
cohomology of X is bounded, we call its dimension the maximal integer n such that
Hn(X; Q) 6= 0.

Theorem 3.4.27 (Dichotomy, hyperbolic case [FHT01]). Let X be a rationally hyperbolic
space of dimension n. Then :

1. The series ∑k≤m rang πk(X) has exponential growth : there exist constants A > 1
and C > 0 such that for m� 0,

∑
k≤m

rang πk(X) ≥ CAm.

2. The sequence of Betti numbers of ΩX has exponential growth.
3. There are no “large gaps” in the rational homotopy groups : for every integer q,

there exists an integer q < p < q + n such that rang πp(X) > 0.
4. (etc, see [FHT01]).

For the elliptic case, we define the homotopy Euler characteristic :

χπ(X) =
∑
k≥0

(−1)k rang πk(X).

Theorem 3.4.28 (Dichotomy, elliptic case [FHT01]). Let X be a rationally elliptic space
of dimension n. Then :

1. The homotopy groups πk(X) are finite for k ≥ 2n.
2. The homotopy Euler characteristic χπ(X) is negative (hence rang πeven(X) ≤

rang πodd(X)) while the Euler characteristic χ(X) is positive.
3. The rational cohomology of X satisfies Poincaré duality.
4. (etc, see [FHT01]).

Example 3.4.29. Tori T n = (S1)n, spheres Sn, complex projective spaces CPn and
compact Lie groups are rationally elliptic. The connected sum of k copies of S3 × S2 is
rationally hyperbolic for k ≥ 2 (since its Euler characteristic is strictly negative).
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3.5 Quillen Models
There exists another way to approach rational homotopy theory due to Quillen [Qui69]

which we will briefly discuss here. This theory uses differential graded Lie algebras rather
than CDGAs.

Definition 3.5.1. A differential graded Lie algebra (DGLA) is a chain complex g
equipped with a bilinear map [−,−] : g⊗2 → g (the « bracket ») which is antisymmetric
and satisfies the Jacobi and Leibniz relations :

[x, y] + (−1)deg x deg y[y, x] = 0;

(−1)deg xdeg z[x, [y, z]] + (−1)deg x deg y[y, [z, x]] + (−1)deg y deg z[z, [x, y]] = 0;
d[x, y] = [dx, y] + (−1)deg x[x, dy].

We denote by DGLA the category of DGLAs (graded over N) and their morphisms, and
by DGLA≥1 the full subcategory of DGLAs g satisfying g0 = 0.

Example 3.5.2. Let A be a DGA. One can define a DGLA with the commutator
[a, b] = ab−±ba.

Example 3.5.3. Let X be a simplicial set. Then we have a graded Lie algebra (with
zero differential) given by gi = πi+1(X) equipped with the Whitehead bracket, which can
be viewed as the commutator of loop concatenation on πi(ΩX) ∼= πi+1(X). This defines
a functor π : sSet≥2 → DGLA≥1. (Not to be confused with the « fundamental groupoid »
functor of Chapter 4 !)

Theorem 3.5.4 (Quillen [Qui69]). There exists a Quillen equivalence

λ : sSet≥2 → DGLA≥1.

Moreover, for all X ∈ sSet≥2, we have πX ∼= H∗(λX).

Definition 3.5.5. A Quillen model of a 1-reduced simplicial set X is a DGLA quasi-
isomorphic to λX.

Idea of Theorem 3.5.4. The equivalence λ is obtained by composing several equivalences :

sSet≥2 sGp≥1 sCHA≥1 sLA≥1 DGLA≥1.
G

W̄

Q̂

G

Prim

Û

N

Γ

Let us briefly explain the notation and the functors.
– The category sGp≥1 is that of reduced simplicial groups, i.e. simplicial objects in

the category of groups G• satisfying G0 = 1.
– The category sCHA≥1 is that of reduced simplicial complete Hopf algebras 11.

11. Recall that a Hopf algebra is a chain complex H equipped with a product µ : H⊗2 → H, a
« coproduct » ∆ : H → H⊗2 (Definition 3.5.6) and an antipode σ : H → H satisfying compatibility
relations. It is complete if it has a filtration H = F0H ⊃ F1H ⊃ F2H ⊃ . . . such that F1H = H̄, the
algebra gr H is generated by gr1 H, we have H ∼= limi H/FiH, and the coproduct takes values in the
completed tensor product H⊗̂H.
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3.5 Quillen Models

– The category sLA≥1 is that of 1-reduced simplicial Lie algebras (without differential
or grading).

– The functor G : sSet≥2 → sGp≥1 (defined by Kan) is such that if X is a simplicial
set, then GX is a simplicial group whose realization is the loop space of the
realization of X. Its adjoint W̄ represents the classifying space of a simplicial group.

– The functor Q̂ : sGp≥1 → sCHA≥1 sends a simplicial group G• to the completion of
its group algebra Q̂[G•]. Its adjoint G sends a complete Hopf algebra to the group
formed by its group-like elements (those satisfying ∆x = x⊗ x and ε(x) = 1).

– The functor Prim : sCHA≥1 → sLA≥1 sends a complete Hopf algebra to the Lie
algebra formed by its primitive elements (those satisfying ∆x = x⊗ 1 + 1⊗ x and
ε(x) = 0). Its adjoint Û is the completion of the enveloping algebra of a Lie algebra
(which is a Hopf algebra).

– The functor N : sLA≥1 → DGLA≥1 is the analogue of the normalized chains functor
from Section 2.6. Its adjoint Γ is the analogue of the right adjoint in the Dold–Kan
correspondence.

To prove Quillen’s theorem, one verifies that each of these categories is a model category,
and that each of these adjunctions is a Quillen adjunction. Composing them all, one
obtains a Quillen equivalence.

Most of the statements obtained in the setting of Sullivan models (Section 3.4.1) have
a « dual » counterpart in the setting of Quillen models. We refer to [FHT01, Part IV].
One can for example define free DGLAs L(V ), quasi-cofree DGLAs (L(V ), d), Sullivan
DGLAs and minimal DGLAs. Every DGLA is quasi-isomorphic to a unique minimal
DGLA up to isomorphism, so in particular every space has a unique minimal Quillen
model.

We have for example seen (Section 3.4.3) that Sullivan models are particularly well
suited for studying fibrations. Dually, Quillen models are particularly well suited for
studying cell attachments. If gX is a Quillen model of a space X and Y = X ∪Sn−1 Dn is
obtained by attaching a cell to X, then a Quillen model of Y can be obtained by adding
a generator to gX , along with a differential that mimics the way the cell is attached to X.

Koszul duality One may wonder what connection exists between Quillen models and
Sullivan models. In « modern » terms, an answer is provided by Koszul duality between the
operad of commutative algebras and the operad of Lie algebras. Operads are combinatorial
objects that encode « types of algebras », for example associative algebras, commutative
algebras, or Lie algebras. They were initially used to study loop spaces in algebraic
topology [BV68 ; May72] and have since found numerous applications. For an introduction
to the theory of operads one may for example read [LV12] or [Fre17, Part I(a)].

This Koszul duality of operads was discovered by Ginzburg and Kapranov [GK94]
following foundational ideas of Kontsevich [Kon93]. Briefly, this duality between operads
explains certain older duality phenomena in algebra, of which we will give an example
(related to rational homotopy theory).
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3 Rational homotopy theory

Definition 3.5.6. A differential graded coalgebra (DGC ) is a chain complex C equipped
with a « coproduct » ∆ : C → C ⊗ C and a counit ε : C → Q such that the following
diagrams commute :

C C ⊗ C C ⊗ C C C ⊗ C

C ⊗ C C ⊗ C ⊗ C C

∆

∆ ∆⊗1
1⊗ε

∆ ∆∆

idC
ε⊗1

1⊗∆

and satisfying the dual of the Leibniz relation :

∆ ◦ d = (d⊗ 1 + 1⊗ d) ◦∆.

This coalgebra is cocommutative (CDGC ) if τ ◦∆ = ∆ where τ : C ⊗ C → C ⊗ C is
defined by τ(x⊗ y) = (−1)deg x deg yy ⊗ x.

Definition 3.5.7. The cofree (conilpotent) cocommutative coalgebra on a cochain
complex V is 12 :

Sc(V ) :=
⊕
n≥0

(V ⊗n)Sn .

Its coproduct is given by :

∆(v1 . . . vn) =
∑

p+q=n

∑
σ∈Sh(p,q)

(vσ(1) . . . vσ(p))⊗ (vσ(p+1) . . . vσ(n)),

where Sh(p, q) = {σ ∈ Sp+q | σ(1) < · · · < σ(p) and σ(p+ 1) < · · · < σ(p+ q)} is the set
of (p, q)-shuffles. Its counit is given by the projection onto (V ⊗0)S0 = Q. Its differential is
defined by :

d(v1 . . . vn) =
n∑
i=1
±v1 . . . (dvi) . . . vn.

It is equipped with a canonical projection π : Sc(V )→ V .

Proposition 3.5.8. Let C be a cocommutative coalgebra and V a chain complex. Let
f : C → V be a morphism of chain complexes. Then there exists a unique morphism of
CDGCs ϕf : C → Sc(V ) making the following diagram commute :

Sc(V )

C V

π

ϕf

f

Démonstration. The proof is formally dual to the proof that a morphism of complexes
V → A induces a unique morphism of CDGAs S(V ) → A. (Exercise : describe ϕf
explicitly.)

12. Recall that V G denotes the subspace of elements invariant under the action of the group G.
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3.5 Quillen Models

Proposition 3.5.9. Let V be a chain complex. For any morphism of chain complexes
f : Sc(V )→ V [−1] of degree 1, there exists a unique coderivation 13 δf : Sc(V )→ Sc(V )
making the following diagram commute :

Sc(V )[−1]

Sc(V ) V [−1]

π

δf

f

Démonstration. Likewise. (Exercise : describe δf explicitly.)

Definition 3.5.10. Let g be a DGLA. Its Chevalley–Eilenberg complex CCE
∗ (g) is the

quasi-cofree CDGC :
CCE

∗ (g) := (Sc(g[1]), d+ δ),
where the differential is the sum of the internal differential of Sc(g[1]) and of 14 :

δ(x1 . . . xn) =
∑

1≤i<j≤n
±[xi, xj]x1 . . . x̂i . . . x̂j . . . xn.

Remark 3.5.11. This additional differential is the unique coderivation induced by Sc(g[1])→→
(g[1]⊗2)S2

[−,−]−−−→ g[2]. One verifies that its sum with the internal differential has square
zero, which follows from the Jacobi and Leibniz relations.

Definition 3.5.12. Let C be a CDGC. Its Harrison complex is the quasi-free DGLA :

CHarr
∗ (C) := (L(C[−1]), d+ δ)

where the differential is the sum of the internal differential of L(C[−1]) and of the unique
Lie algebra derivation induced by C[−1] ∆−→ ((C[−1])⊗2)S2 [1] ⊂ L(C[−1])[1].

Theorem 3.5.13 (Koszul duality). The functors CCE
∗ and CHarr

∗ are adjoint to each
other. There exist model category structures on DGLA≥1 and CDGC≥2 such that this
adjunction is a Quillen equivalence.

Remark 3.5.14. This adjunction is formally similar to the bar/cobar adjunction bet-
ween differential graded algebras and differential graded coalgebras. The functor CCE

∗
corresponds to a bar functor, while the functor CHarr

∗ corresponds to a cobar functor.

Theorem 3.5.15 (Equivalence between Quillen models and Sullivan models). Let X be a
1-reduced simplicial set of finite type. Then there is a natural zigzag of quasi-isomorphisms :

Ω∗
PL(X) '

(
CCE

∗ (λX)
)∨

where
(
CCE

∗ (λX)
)∨

is the CDGA dual to the CDGC CCE
∗ (λX).

13. That is, a map δ : C → C such that ∆δ = (δ ⊗ 1 + 1⊗ δ)∆.
14. The notation . . . x̂i . . . means that the element xi is omitted from (. . . ).

85



3 Rational homotopy theory

One can thus pass from a Sullivan model to a Quillen model and vice versa.
Remark 3.5.16. One can even do better than that. If A = (S(V ), d) is the minimal model
of X, then the dual g := V ∨[−1] is what is called a homotopy Lie (differential graded)
algebra, or an L∞-algebra. Consider the restriction d|V : V → S(V ), which dualizes to a
sequence of maps li : g⊗i → g of degrees i− 2.

– Weight 1 : l1 =: δ : g → g is a differential of degree −1 and makes g a chain
complex.

– Weight 2 : l2 =: [−,−]2 : g⊗2 → g is a bilinear map of degree zero. One verifies
that the commutativity of A implies that l2 is antisymmetric, and the relation
d(ab) = (da)b± a(db) in A implies that l2 satisfies the Leibniz relation. However, it
does not satisfy the Jacobi relation in general, but. . .

– Weight 3 : l3 =: [−,−,−]3 : g⊗3 → g is a trilinear map of degree 1 which vanishes
on shuffles (generalizing antisymmetry). The compatibility with the differential is
expressed as follows :

[x, [y, z]2]2 ± [y, [z, x]2]2 ± [z, [x, y]2]2
= [dx, y, z]3 ± [x, dy, z]3 ± [x, y, dz]3 ± d[x, y, z]3.

The bracket l3 therefore defines a homotopy between the Jacobi relation for l2
and the zero map ; in a certain sense, this Jacobi relation is thus satisfied « up to
homotopy ».

– Weight 4 : l4 =: [−,−,−,−]4 : g⊗4 → g is quadrilinear of degree 2 and defines a
homotopy for a « higher Jacobi relation » satisfied by l2 and l3. One can informally
understand this relation as follows. The bracket l3 defines several homotopies
between the Jacobi relation and 0 depending on the order in which one places
the variables x, y, z. Concatenating these homotopies, one potentially obtains a
homology class in g described by this higher Jacobi relation, which is then killed
by l4.

– The sequence continues with l5, l6 . . . : the differential of ln kills a higher Jacobi
relation involving l2, . . . , ln−1.

The Quillen model λX is a DGLA and is therefore also an L∞-algebra : the higher
brackets l3, l4, . . . vanish and the Jacobi relation is strictly satisfied. One can then show
that λX is quasi-isomorphic (as an L∞-algebra) to g = V ∨[−1].
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4 Infinity categories
Remark 4.0.1. Higher categories will be treated in much greater detail in the course
Catégories supérieures by Muriel Livernet. What follows is only a brief overview of the
theory.

It sometimes happens that a “natural” definition produces a category where composition
is no longer associative. For example, if one naively defines the fundamental groupoid πX
of a space X as the category whose objects are the points of X and whose morphisms
are paths between two points, one obtains something that strongly resembles a category,
except that composition (concatenation of paths) is not strictly associative, but only so
up to homotopy. The unit and inverses are not strict either.

One can resolve this problem by “strictifying” : one replaces paths by homotopy
classes of paths relative to their endpoints. But in doing so, one loses an enormous
amount of information. The naive definition of the fundamental groupoid contains all
the homotopy information : π0(X) is the set of connected components of the category,
and each connected component is equivalent to the loop space ΩX (based at a point of
the component). On the other hand, in the strict definition, only the information of the
connected components and the fundamental groups remains ; all the “higher” information
(here, in degree ≥ 2) has disappeared. The quotient by the homotopy relation is far too
coarse.

A similar phenomenon occurs in the study of model categories. Given a model category
C, its homotopy category Ho(C) no longer contains much information about C. This
is particularly apparent when one is interested in homotopy (co)limits : the category
Ho(C) admits in general very few (co)limits, and it is necessary to return to the world of
model categories, to consider diagram categories therein, and then to pass back to the
homotopy category (schematically, Ho(C)I 6= Ho(CI)). One of the possible motivations
for ∞-categories is to introduce an object halfway between model categories and their
homotopy categories, which would lose less information and could be studied with new
tools.

Another possible motivation is the following. The definition of a model category involves
auxiliary classes of morphisms, the fibrations and the cofibrations. These auxiliary classes
are in principle not needed to define the homotopy category Ho(C) = C[W −1], which
depends only on C and the weak equivalences. They serve “only” to be able to explicitly
compute morphisms in the homotopy category (which would otherwise be given by
unwieldy zigzags). Another motivation for∞-categories is the inversion of a class of weak
equivalences in a given category, without having to introduce the entire machinery of
(co)fibrations.

The general philosophy of higher categories (of which ∞-categories are a part) is
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4 Infinity categories

illustrated by the fundamental groupoid πX of a space X. Rather than taking the
quotient by the homotopy relation, one can consider a homotopy as a path between two
paths. If γ, γ′ : I → X are two paths with γ(0) = γ′(0) = x0, γ(1) = γ′(1) = x1, and if
H is a homotopy between the two, one can represent this by the following diagram :

x0 x1

γ

γ′

H

If x0 = x1 and γ = γ′ is the constant path, then H represents an element of π2(X, x0) :
by adding the information of homotopies (paths between paths) to the fundamental
groupoid, one thus recovers homotopy information of degree 2. Equality of paths is
replaced by the existence of a path between two paths. One sees in particular that if one
is given three composable paths γ, γ′, γ′′, then there exists a path between γ(γ′γ′′) and
(γγ′)γ′′, and composition is therefore associative modulo a path between paths.

In categorical terms, if a path is a morphism, then a homotopy is a morphism between
morphisms, or a 2-morphism. Of course, there may exist many 2-morphisms between
two given morphisms. One can compose 2-morphisms by concatenating paths, but this
composition is not associative ! It is only associative modulo a path between homotopies
(or a path between paths between paths, which we abbreviate as a 3-morphism).

One will quickly see that once launched in this direction, one must define n-morphisms
for all n ≥ 1 (and for the sake of consistency, we will call objects 0-morphisms). One can
compose (n+ 1)-morphisms between two fixed n-morphisms, and all compositions must
satisfy compatibility relations among themselves. One then arrives at the notion of a
higher category. The higher categories we are going to consider (fundamental groupoids,
nerve of a category, simplicial localization of a model category. . .) are such that n-
morphisms are invertible as soon as n ≥ 2 ; they are called (∞, 1)-categories, or simply
∞-categories. Fundamental groupoids even satisfy the property that all 1-morphisms are
invertible ; they are called (∞, 0)-categories, or ∞-groupoids.

Expressing the compatibility relations in an∞-category quickly turns out to be difficult.
There exist many models of ∞-categories and one can refer to [Ber18] for an overview of
different models. In these notes, we will be particularly interested in quasi-categories,
initially developed by Joyal [Joy08 ; Joy02] and further developed by Lurie [Lur09 ; Lur17]
(see also the work of Boardman–Vogt [BV73] where they were called weak Kan complexes).
We will also treat the case of simplicial categories. Other models are given for example
by topological categories, Segal categories, or complete Segal spaces.

4.1 Nerve of a category
Definition 4.1.1. Let C be a small category. Its nerve N•C is a simplicial set whose
n-simplices are given by sequences of n composable morphisms :

NnC = {X0
f1−→ X1

f2−→ . . .
fn−→ Xn.}
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4.1 Nerve of a category

In particular, N0C is the set of objects of C.
The face and degeneracy maps are given by :

d0(X0
f1−→ . . .

fn−→ Xn) = X1
f2−→ . . .

fn−→ Xn,

di(X0
f1−→ . . .

fn−→ Xn) = X0
f1−→ . . .

fi−1−−→ Xi−1
fi+1◦fi−−−−→ Xi+1

fi+2−−→ . . .
fn−→ Xn (1 < i < n),

dn(X0
f1−→ . . .

fn−→ Xn) = X0
f1−→ . . .

fn−1−−→ Xn−1,

sj(X0
f1−→ . . .

fn−→ Xn) = (X0
f1−→ . . .

fj−→ Xj

idXj−−→ Xj
fj+1−−→ . . .

fn−→ Xn).

One can verify by hand that this is a simplicial set. However, there is a more “theoretical”
point of view that allows for simplification.

Definition 4.1.2. We denote by cat the category of small categories.

Recall that the objects of ∆ are the [n] = {0 < 1 < · · · < n} for n ≥ 0 and that the
morphisms are the order-preserving maps. Any (partially) ordered set can be viewed
as a category : we declare that Hom[n](i, j) is a singleton if i ≤ j, and that it is empty
otherwise. A functor [m]→ [n] is the same thing as an order-preserving map. 1 We thus
obtain a functor ∆→ cat sending the ordered set [n] to the category [n] ; in other words,
we have a cosimplicial object in the category of small categories :

[•] : ∆→ cat, [n] 7→ [n].

We then observe that the nerve N•C is simply given by :

N•C = Homcat([•],C)

and is therefore indeed a simplicial set. Since Homcat([•],−) is functorial, we also see
that :

Proposition 4.1.3. The nerve defines a functor :

N• : cat→ sSet.

This point of view reveals that N• is analogous to the “singular set” functor S• =
HomTop(�•,−). We will see later that N• has a left adjoint (Proposition 4.2.44), which
can be defined in a manner analogous to the geometric realization functor. We can already
see immediately :

Proposition 4.1.4. The functor N• preserves limits.

Example 4.1.5. The Yoneda lemma implies that N•[n] ∼= ∆n.

Let us study the homotopy properties of the nerve.

1. In more sophisticated language, the category of partially ordered sets is a full subcategory of the
category of categories.
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Proposition 4.1.6. Let F,G : C → D be two functors and η : F ⇒ G a natural
transformation. Then η defines a simplicial homotopy between N•F and N•G.

Démonstration. We seek to define a map H : N•C×∆1 → N•D such that H|N•C×{0} =
N•F and H|N•C×{1} = N•G. The data of a natural transformation η : F ⇒ G is equivalent
(exercise) to the data of a functor η̂ : C×[1]→ D (where [1] is the category with two objects
0, 1 and a unique morphism between them) satisfying η̂(c, 0) = F (c) and η̂(c, 1) = G(c).
Applying the nerve functor, we obtain a simplicial map :

N•η̂ : N•(C× [1])→ N•D.

Since N• preserves limits and N•[1] = ∆1, we thus obtain a map H : N•C ×∆1 → D.
One then verifies that this is indeed the desired homotopy.

Corollary 4.1.7. Let F : C � D : G be an adjunction between two small categories.
Then N•C and N•D are homotopy equivalent.

Démonstration. The unit η : idC ⇒ G ◦ F and the counit ε : F ◦ G ⇒ idD induce
homotopies showing that N•F and N•G are inverses of each other up to homotopy.

Example 4.1.8. If a small category C has an initial object, then N•C is contractible :
indeed, in this case, the inclusion [0] → C sending 0 to the initial object has a right
adjoint. Likewise, if C has a terminal object then N•C is contractible (the inclusion then
has a left adjoint).

These examples might suggest that the nerve is of little interest ; this is not the case.
We will see that the nerve defines a fully faithful inclusion of cat into sSet. In a certain
sense, the nerve of C therefore contains all of the category structure of C. It is simply
that the homotopy type is too coarse an invariant to recover this category structure. We
will see in Section 4.2.6 that one can define a model category structure on sSet that is
better suited to the study of nerves.

Let us answer the following question : when is a simplicial set isomorphic to the nerve
of a small category ? The answer is given by conditions resembling those defining a fibrant
simplicial set.

Let us first introduce a graphical representation for the nerve. Graphically, we can
represent an element of NnC = HomsSet(∆n, N•C) as in Figure 4.1 : each of the vertices
0, 1, . . . , n is decorated by an object of C, the edges i→ i+ 1 are decorated by morphisms
fi+1 : Xi → Xi+1, and the other edges are decorated by the appropriate compositions.

We recall the horns Λn
k ⊂ ∆n, defined for 0 ≤ k ≤ n (Definition 2.3.2).

Definition 4.1.9. A horn Λn
k ⊂ ∆n is called inner if 0 < k < n. The horns Λn

0 ⊂ ∆n

and Λn
n ⊂ ∆n are called the initial horn and the final horn, respectively.

We recall (Lemma 2.3.3) that a simplicial map Λn
k → X is equivalent to the data of

(n− 1)-simplices x0, . . . , x̂k, . . . , xn ∈ Xn−1 satisfying dixj = dj−1xi for all i, j such that
the equation makes sense. One can fill the horn if there exists an n-simplex x ∈ Xn such
that dix = xi.
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X0

X1

X2

X3

f1
f2

f2f1

f3f2f1
f3f2

f3

Figure 4.1 : Graphical representation of an element of N3C

X0

X1

X2

f1 f2

?

Figure 4.2 : Graphical representation of a horn Λ2
1 → N•C

Horns in N•C are represented as in Figure 4.1 but with one arrow (and therefore all
compositions involving it) missing, see Figure 4.2.

We observe from the preceding figure that one can always fill a horn of type Λ2
1 : it

suffices to put f2f1 for the third arrow, and since the diagram commutes, we indeed
have a 2-simplex. Moreover, this filling is unique. On the other hand, one cannot always
fill a horn of type Λ2

0 or Λ2
2 : for that, all morphisms would need to be invertible. More

generally :

Lemma 4.1.10. Let C be a small category. The restriction map HomsSet(∆n, N•C)→
HomsSet(Λn

k , N•C) is a bijection for all n ≥ 0 and all 0 < k < n. In other words, N•C→ ∗
has the unique lifting property with respect to the inclusions of inner horns into simplices
Λn
k ⊂ ∆n.

Démonstration. Let f : Λn
k → N•C be a simplicial map with 0 < k < n. Let us show that

there exists a unique map ∆n → C that restricts to f . We represent f by (n−1)-simplices
x0, . . . , x̂k, . . . , xn ∈ Nn−1C satisfying dixj = dj−1xi for i < j. We recall that the horn
is inner, so k 6= 0, n. Using the relation d0xn = dn−1x0, we can write (by applying face
maps repeatedly to verify that the objects and morphisms in the middle coincide) :

x0 = X1
f2−→ . . .

fn−→ Xn,

xn = X0
f1−→ . . .

fn−1−−→ Xn−1.

We must then necessarily define x = X0
f1−→ . . .

fn−1−−→ Xn and one verifies by hand that
dix = xi.

Remark 4.1.11. This lemma means that the canonical map N•C → cosk2 N•C (where
cosk is the coskeleton functor of Remark 2.3.8) is an isomorphism.

Proposition 4.1.12. The functor N• : cat→ sSet is fully faithful, and its image consists
of the simplicial sets that have the unique RLP with respect to all inner horns.
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4 Infinity categories

Démonstration. We have seen that if C is a small category, then N•C satisfies the desired
lifting property. Conversely, let X be a simplicial set that has the RLP with respect to
all inner horns. We define a small category C as follows :

– The objects of C are the 0-simplices X0.
– Let x, y ∈ X0. The set of morphisms between x and y is given by :

HomC(x, y) = {f ∈ X1 | d1f = x and d0f = y}.

– The identity of x ∈ X0 is s0(x) ∈ X1.
– Composition is defined as follows. Let x, y, z be three objects and f : x → y,
g : y → z two morphisms. Then f and g together define a horn Λ2

1 → X (see
Figure 4.2). There therefore exists a unique γ ∈ X2 such that d0γ = g and d2γ = f .
We then define g ◦ f := d1γ.

One must verify that composition is associative and unital. Associativity is proved exactly
as in Proposition 2.5.19. Unitality follows from the uniqueness of liftings and the simplicial
identities (exercise).

Let us now show thatN• is fully faithful, i.e. thatN• : Homcat(C,D)→ HomsSet(N•C, N•D)
is a bijection for all small categories C and D. Let ϕ : N•C→ N•D be a simplicial map ; let
us show that there exists a unique functor F such that N•F = ϕ. Then ϕ0 : N0C→ N0D
defines a map from the objects of C to the objects of D. We must necessarily define
F : C→ D by ϕ0 on objects. By definition of the nerve, for x, y ∈ C = N0C, there is an
equality between HomC(x, y) and {f ∈ N1C | d0f = x and d1f = y}. The map ϕ1 sends
this subset of N1C to the analogously defined subset of N1D, by virtue of the simplicial
identities. We must therefore define F by ϕ1 on morphisms, and one verifies that with
this definition we obtain a functor F : C→ D such that N•F = ϕ.

A nerve is however generally not fibrant :

Definition 4.1.13. A groupoid is a category in which all morphisms are invertible.

Lemma 4.1.14. Let C be a small category. The nerve N•C is fibrant (i.e. all horns,
inner and outer, can be filled) if and only if C is a groupoid. In this case, the fillings of
outer horns are unique.

Démonstration. Suppose that N•C is fibrant. We can therefore fill all horns Λ2
0 → N•C

and Λ2
2 → N•C. Let f : x→ y be a morphism of C ; we define a horn Λ2

0 → N•C by :

x

x

y

idx
f

By filling this horn, we obtain a right inverse g of f . By filling a similar horn of type
Λ2

2 → N•C, we obtain a left inverse g′ of f . We have g = g′fg = g′ so g = g′ is an inverse
of f , which is therefore an isomorphism.

The converse and uniqueness are proved as in Lemma 4.1.10, using inverses in C to fill
the outer horns.
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Example 4.1.15 (Exercise). Let G be a group, viewed as a groupoid with one object.
Then N•G is a Kan complex. This Kan complex has the homotopy type of a classifying
space BG = K(G, 1). One can define its (contractible) universal covering by considering
the nerve of the “indiscrete” category EG whose objects are G and with a unique morphism
between any pair of objects. There is a functor EG → G sending g → h to hg−1. One
verifies that N•EG is contractible, and that N•EG → N•G is a Kan fibration with fiber
G.

4.2 Quasi-categories
4.2.1 Definition

Informally, a quasi-category is a simplicial set with properties that mimic those of
the nerve of a category. (The nerve of a category will indeed be an example of a quasi-
category.) The difference with the nerve of a category lies in uniqueness. In a normal
category, there is only one way to compose two morphisms, only one identity per object,
only one “associativity equality” between f(gh) and (fg)h. In a quasi-category, there
are potentially several ways to compose two morphisms ; but two different compositions
will be equivalent in a sense to be defined. Since there are several ways to compose
morphisms, requiring a strict equality for associativity does not make sense, but one
can require that all ways of composing three morphisms be homotopic to each other,
and that all homotopies between such homotopies be homotopic to each other, etc. The
definition of quasi-categories is a very compact way of encapsulating all these properties.

Definition 4.2.1. A quasi-category is a simplicial set that has the RLP with respect to
the inclusions of inner horns Λn

k ⊂ ∆n (0 < k < n) :

Λn
k X

∆n

∀

∃

A quasi-functor 2 is a simplicial map between two quasi-categories. We denote by qcat
the category of quasi-categories and their quasi-functors.

Remark 4.2.2. Some authors sometimes use the terminology “∞-categories” and “∞-
functors” for quasi-categories and quasi-functors. The model given by quasi-categories is
indeed one of the most popular models – at the present time – of ∞-categories. Note
however that depending on the applications, some other models may prove more suitable.

Example 4.2.3. A fibrant simplicial set is a quasi-category.

Example 4.2.4. If C is a small category, then its nerve is a quasi-category (Lemma 4.1.10).
A quasi-functor N•C→ N•D is a functor C→ D (Proposition 4.1.12). One thus obtains

2. The terminology is not standard.
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4 Infinity categories

a fully faithful inclusion of the category of small categories into the category of quasi-
categories.

Definition 4.2.5. A quasi-groupoid is a fibrant simplicial set.

Example 4.2.6. The nerve of a groupoid is a quasi-groupoid (Lemma 4.1.14).

4.2.2 Morphisms
By mimicking the properties of nerves, we arrive at the following definition :

Definition 4.2.7. Let C be a quasi-category. The objects are the elements of C0. Let
x, y ∈ C0 be two objects. The morphisms from x to y are the elements of the set

HomC(x, y) := {f ∈ C1 | d1f = x and d0f = y} = {x} ×C0 C1 ×C0 {y}.

We also write idx := s0(x) for the identity of x.

The composition of morphisms in a quasi-category is more complex to describe. In
this section, we will introduce a space of morphisms (rather than a set) between two
objects of a quasi-category. Let us briefly explain why this is necessary in order to define
composition.

Following the proof of Lemma 4.1.10, one is tempted to define composition in the
following way. Let x, y, z ∈ C0 be three objects and f ∈ HomC(x, y), g ∈ HomC(y, z) two
morphisms. The elements f, g ∈ C1 together define a horn Λ2

1 → C (Figure 4.2). By the
lifting property, there exists σ ∈ C2 such that d0σ = g and d2σ = f . One might then
want to define g ◦ f = d1σ.

Unfortunately, this is not a well-defined definition : unlike the nerve of a category, the
simplex σ is not unique ! There may potentially exist many simplices satisfying d0σ = g
and d2σ = f . A priori, the different possible compositions (d1σ) have no reason to be
related. However, if we are given two simplices σ, σ′ ∈ C2 satisfying the above equations,
we obtain a horn Λ3

1 → C. Using the lifting property, we find ω ∈ C3 such that d0ω = s1g,
d2ω = σ, and d3ω = σ′ (see Figure 4.3). We then find that H = d1ω is a homotopy
between d1σ and d1σ

′.

x

y

z

z

f

g

d1σ

d1σ′

g

idz

Figure 4.3 : Homotopy between the g ◦ f

The set of possible compositions of two morphisms is in fact a space. The argument
above shows that it is connected. But the homotopies are also related by homotopies
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4.2 Quasi-categories

between homotopies, etc. One finds that the space of possible compositions is contractible,
which is consistent with the intuition behind higher categories from the beginning of the
chapter.

We recall the definition of the space of simplicial maps between two simplicial sets
(Definition 2.5.2).

Definition 4.2.8. Let C be a quasi-category and x, y ∈ C0 objects. The morphism space
from x to y is :

MapC(x, y) := {x} ×C Map•(∆1,C)× {y}.

Concretely, this simplicial set is the pullback :

MapC(x, y) Map•(∆1,C)

∗ C× C
y (ev0,ev1)

(x,y)

where ∗ (x,y)−−→ C× C is the constant map equal to (x, y), and ev0, ev1 : Map•(∆1,C)→
Map•(∆0,C) ∼= C are obtained by precomposition by ∂0, ∂1 : ∆0 → ∆1.

Proposition 4.2.9. Let C be a quasi-category and x, y ∈ C0 two objects. The 0-simplices
of MapC(x, y) are the morphisms from x to y :

MapC(x, y)0 = HomC(x, y).

Démonstration. Pullbacks in sSet are computed dimension by dimension. In dimen-
sion 0, we obtain MapC(x, y)0 = {x} ×C0 ×Map0(∆1,C) ×C0 {y}. Now Map0(∆1,C) =
HomsSet(∆1,C) ∼= C1 and we recover Definition 4.2.7.

Proposition 4.2.10. Let C be a quasi-category and x, y ∈ C0 two objects. The morphism
space MapC(x, y) is a quasi-groupoid, i.e. it is a Kan complex.

[REVIEWER NOTE : The proof of this proposition appears problematic as
written, since it uses a fibrancy property of C that has not been established.]

Démonstration. The inclusion ∆0 t ∆0 (∂0,∂1)−−−−→ ∆1 is a cofibration. It follows that its
induced map Map•(∆1,C) (ev0,ev1)−−−−−→ C × C is a fibration (Proposition 2.5.7). Since
MapC(x, y) → ∗ is the pullback of a fibration, it is itself a fibration. The simplicial
set MapC(x, y) is therefore fibrant, hence by definition a quasi-groupoid.

Proposition 4.2.11 (Exercise). Let F : C→ D be a quasi-functor between two quasi-
categories. Then postcomposition F ◦− : MapC(x, y)→ MapD(F0(x), F0(y)) is a simplicial
map.

Proposition 4.2.12. Let X be a simplicial set and C a quasi-category. Then CX :=
Map•(X,C) is a quasi-category.
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4 Infinity categories

Démonstration. Similar to Proposition 2.5.7, except that we only consider lifting proper-
ties with respect to inner horns.

Remark 4.2.13. This proposition is to be compared with the discussion in Section 1.7. If
C is a model category, it is not straightforward to give a model category structure to the
diagram category CI : one must choose the right fibrations and cofibrations, and impose
conditions on I. Here, if C is a quasi-category, then CI is automatically a quasi-category.
(The difference lies of course in the computations : once the model category structure is
defined on CI , computing a homotopy (co)limit follows a clear procedure, which is not
necessarily the case in the ∞-categorical setting.)

Definition 4.2.14. Let C,D be two quasi-categories. The quasi-category of quasi-functors
from C to D is Map•(C,D). The quasi-natural transformations are the 1-simplices of this
quasi-category.

Remark 4.2.15. Defining a quasi-functor between two quasi-categories is not an easy
task : one must define it on objects and morphisms, but also on 2-simplices (homotopies),
3-simplices (homotopies between homotopies), etc., in a coherent manner.

4.2.3 Composition
Recall that if f ∈ HomC(x, y) and g ∈ HomC(y, z) are two composable morphisms, then

a possible composition of g and f is a morphism h : x→ z such that there exists σ ∈ C2
satisfying d0σ = g, d1σ = h and d2σ = f (see Figure 4.2). These possible compositions
are in fact the 0-simplices of a simplicial set.

Definition 4.2.16. Let C be a quasi-category, x, y, z ∈ C0 three objects and f ∈
HomC(x, y), g ∈ HomC(y, z) two composable morphisms. The space of possible composi-
tions of f with g is defined by the pullback :

Comp•(g; f) Map•(∆2,C)

∗ Map•(Λ2
1,C)

y i∗

(g,f)

where i : Λ2
1 → ∆2 is the inclusion and (g, f) : ∗ → Map•(Λ2

1,C) is the constant map
equal to the horn of Figure 4.2.

Concretely, a possible composition of g and f is a 2-simplex σ satisfying d2σ = f and
d0σ = g. A possible composition is therefore not simply a morphism h = d1σ ; it is also a
2-simplex that “witnesses” the fact that h is a candidate for g ◦ f . For σ ∈ Comp•(g; f),
we write :

g ◦σ f := d1σ

for the morphism that is a candidate for g ◦ f .
The goal of this section is to show that Comp•(g; f) is contractible. This will have as

a corollary that all possible compositions g ◦σ f of two given morphisms are homotopic,
in a sense that remains to be defined.
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Theorem 4.2.17 (Joyal [Joy]). Let C be a quasi-category. The restriction map i∗ :
Map•(∆2,C)→ Map•(Λ2

1,C) is an acyclic fibration.

Démonstration. The proof that

i∗ : Map•(∆2,C)→ Map•(Λ2
1,C) ∼= Map•(Λ2

1,C)×Map(Λ2
1,∗) Map•(∆2, ∗)

is a fibration is an adaptation of the proof of Proposition 2.5.7 by considering the RLP
with respect to inner horns.

Remark 4.2.18. The converse is also true : if i∗ is an acyclic fibration, then C is a
quasi-category [Lur09, Corollary 2.3.2.2].

Corollary 4.2.19. Let C be a quasi-category, x, y, z ∈ C0 three objects and f ∈
HomC(x, y), g ∈ HomC(y, z) two composable morphisms. Then Comp•(g; f) is contrac-
tible.

Démonstration. The map Comp•(g; f)→ ∗ is the pullback of an acyclic fibration, hence
is itself an acyclic fibration.

Let us now explain how this implies that all possible compositions of g and f are
“equivalent”.

Lemma 4.2.20. Let C be a quasi-category and f, g ∈ HomC(x, y) two morphisms of C. If
there exists a 2-simplex filling one of the following diagrams, then there exist 2-simplices
filling the others :

x y x y

x y x y x y x y

g idy f idy

f

idx

f

g

g

idx

g

f

In other words, we have the equivalences :

∃σ, g ◦σ idx = f ⇐⇒ ∃σ, idy ◦σg = f

⇐⇒ ∃σ, f ◦σ idx = g

⇐⇒ ∃σ, idy ◦σf = g.

Démonstration. For each of the equivalences, we will use the degeneracies of f and g to
define inner horns which we then fill. For example, suppose that g ◦σ idx = f for some
σ ∈ C2. Then we have a horn (s1g,−, s0g, σ) : Λ3

1 → C. We fill it to obtain ω ∈ C3, and
then τ = d1ω satisfies idy ◦τf = g :

y

y

x x

idy

f

g

idx

g

g
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Definition 4.2.21. Let C be a quasi-category. Two morphisms f, g ∈ HomC(x, y) are
equivalent 3 (written f ' g) if they satisfy the conditions of the preceding lemma.

Lemma 4.2.22. The equivalence of morphisms in a quasi-category is an equivalence
relation.

Démonstration. Reflexivity follows from the degeneracies. Symmetry follows from the
definition. Transitivity is proved as in the preceding lemma.

Recall that MapC(x, y) is a Kan complex (Proposition 4.2.10), so its connected compo-
nents are well defined (see Section 2.5.2).

Lemma 4.2.23. Two morphisms f, g ∈ HomC(x, y) of a quasi-category C are equivalent
if and only if they lie in the same connected component of MapC(x, y).

Démonstration. One can describe ∆1 ×∆1 as two copies of ∆2 glued along a common
∆1 (Figure 4.4). We therefore have :

HomsSet(∆1 ×∆1,C) = {(σ, τ) ∈ C2 × C2 | d1σ = d1τ}.

x

y

x

y

f

idx

idy

g

σ

τ

Figure 4.4 : Representation of an element of MapC(x, y)1

By definition of the pullback, we also have

MapC(x, y)1 = {(σ, τ) ∈ HomsSet(∆1 ×∆1,C) | d0σ = s0y and d2τ = s0x}
= {(σ, τ) ∈ C2 × C2 | d0σ = s0y, d1σ = d1τ, d2τ = s0x}.

Suppose that f and g are in the same connected component. There exists ϕ = (σ, τ)
as above such that d1ϕ = d2σ = f and d0ϕ = d0τ = g. Set h = d1σ = d1τ . Then the
simplex σ gives an equivalence between f and h, while the simplex τ gives an equivalence
between g and h. We conclude by transitivity and symmetry.

Conversely, if f and g are equivalent, then the equivalence fills one half of the diagram
in Figure 4.4 ; we fill the other half by a degeneracy (of f or g) to obtain a path in
MapC(x, y).

Corollary 4.2.24. Let C be a quasi-category and f ∈ HomC(x, y), g ∈ HomC(y, z) two
composable morphisms of C. All morphisms h ∈ Comp(g; f) are equivalent in the sense
of Definition 4.2.21.

3. One sometimes says “homotopic”.
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Démonstration. The simplicial set Comp(g; f) is contractible and therefore has only one
connected component.

Let us now study the associativity of possible compositions.
Proposition 4.2.25. Let C be a quasi-category and f ∈ HomC(x, y), g ∈ HomC(y, z), h ∈
HomC(z, w) three pairwise composable morphisms. Then for all possible compositions we
have :

h ◦κ (g ◦σ f) ' (h ◦τ g) ◦λ f.
Démonstration. We fix κ, σ and τ . By the preceding corollary, it suffices to find λ ∈ C2
such that d2λ = f and d0λ = h ◦τ g(= d1τ) and d1λ = h ◦κ (g ◦σ f). We define a horn
(τ, κ,−, σ) : Λ3

2 → C (exercise : draw a picture). We fill this horn and take the face d2 to
obtain λ.

4.2.4 Homotopy category
Thanks to all the properties we have just proved, we can define :

Definition 4.2.26. Let C be a quasi-category. The homotopy category of C, denoted
πC, is the category whose objects are the 0-simplices of C and whose morphisms are
the equivalence classes (in the sense of Definition 4.2.21) of morphisms of C. The
composition of two equivalence classes of morphisms [f ], [g] is the unique equivalence
class of Comp(g; f). The units are the classes of the morphisms idx = s0x.
Corollary 4.2.27. There is a functor qcat→ cat that associates to a quasi-category its
homotopy category.
Remark 4.2.28. A priori, this construction has nothing to do with that of the homotopy
category of a model category. We will compare them in Section 4.5.
Proposition 4.2.29. There are two transformations, natural in C ∈ qcat and D ∈ cat
respectively :

C→ N•(πC), π(N•D) ∼−→ D.

The natural transformation π(N•D)→ D is an equivalence for every category D.
Démonstration. The two natural transformations are essentially induced by the identity.
The fact that the second natural transformation is an equivalence at each category follows
from the fact that N• : cat→ qcat is fully faithful.
Definition 4.2.30. Let C be a quasi-category. A morphism f ∈ HomC(x, y) is called an
isomorphism if π(f) ∈ HomπC(x, y) is one.
Proposition 4.2.31 (Exercise). A quasi-category C is a quasi-groupoid if and only if all
its morphisms are isomorphisms.
Example 4.2.32. Let X be a topological space. The singular set S•(X) being fibrant, it
is a quasi-groupoid. By Proposition 2.5.21, πS•(X) is the fundamental groupoid of X.
One can therefore view S•(X) as a “higher” version of the fundamental groupoid, which
retains information in dimension > 1.
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4.2.5 Non-small categories
Up to now, we have focused on small categories, that is, categories whose objects and

morphisms form sets. However, many important examples of model categories are not
small : since they are complete and cocomplete by definition, this is almost never the
case ! In this section, we briefly explain how to generalize the definition of quasi-categories
to encompass non-small quasi-categories.

From a set-theoretic point of view, one solution is to consider a larger “universe”, such
that all sets of the initial universe form a set in the new universe. For information on
this point of view, one may for example refer to [Lur09, Section 1.2.15]. In particular, it
is necessary to add an additional axiom to ZFC : the existence of strongly inaccessible
cardinals. We denote by Cat the category of not-necessarily-small categories.

One can then define “simplicial classes” as simplicial objects in this new universe.
A simplicial class is a sequence of classes 4 X• = {Xn}n≥0 equipped with maps di :
Xn → Xn−1 and sj : Xn → Xn+1 satisfying the simplicial identities. If C ∈ Cat is any
category, one can define its nerve N•C = HomCat([•],C) in the usual way. All the results
of Section 4.1 still apply, replacing “set” by “class” where necessary.

One can also define quasi-categories as simplicial classes that have the RLP with
respect to inclusions of inner horns Λn

k ⊂ ∆n (for 0 < k < n). Again, all the results
of Section 4.2 apply, replacing “set” by “class”. We denote by QCat the category of
not-necessarily-small quasi-categories. The nerve defines a functor N• : Cat→ QCat, and
the homotopy category a functor π : QCat→ Cat.

4.2.6 Joyal model structure
In this section, we will study equivalences between quasi-categories. We saw earlier

that these could not simply be given by weak homotopy equivalences : if a category
C has an initial or terminal object, then N•C is contractible. It is therefore necessary
to have a finer invariant. We will also explain how these equivalences can be placed
within the framework of a model category on simplicial sets whose fibrant objects are
exactly the quasi-categories and whose weak equivalences between quasi-categories model
equivalences of categories.

Definition 4.2.33. A categorical equivalence 5 is a simplicial map f : X → Y such that
for every quasi-category C, the induced simplicial map f ∗ : Map(Y,C)→ Map(X,C) is
an equivalence.

Definition 4.2.34. The Joyal structure on sSet is given by sSetJ := (sSet,W I ,C I ,F I),
where

– the weak equivalences W J are the categorical equivalences ;
– the cofibrations C J = C are the inclusions ;

4. This is the name given to sets of the new universe that were not necessarily sets in the old one.
An example of a class would be the set of all sets of the old universe.

5. Joyal called them “weak categorical equivalences”.
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– the fibrations F J are the simplicial maps having the RLP with respect to acyclic
cofibrations.

Theorem 4.2.35 (Joyal [Joy], Lurie [Lur09, Theorem 2.2.5.1]). The Joyal structure on
sSet defines a cofibrantly generated and left proper model category structure.

Remark 4.2.36. In Lurie’s proof, categorical equivalences are defined differently, but the
final result is the same (see [Lur09, Remark 2.2.5.9]).

Proposition 4.2.37 ([Lur09, Theorem 2.4.6.1]). The fibrant objects in the Joyal structure
are exactly the quasi-categories.

Remark 4.2.38. One can show that a categorical equivalence is a weak homotopy equi-
valence (exercise : do so, using the fact that a Kan complex is a quasi-category). The
standard structure on sSet is therefore a left Bousfield localization of sSetJ ; equivalently,
sSetJ is a left Bousfield delocalization of the standard structure. In particular, there is a
Quillen adjunction id : sSet � sSetJ : id.

Example 4.2.39 (Exercise). An acyclic fibration is a categorical equivalence.

Proposition 4.2.40 (Exercise). Let F : C→ D be an equivalence of categories. Then
N•F : N•C→ N•D is a categorical equivalence.

Consider the functor R : sSet→ sSet of fibrant replacement in the Quillen structure
(which associates a Kan complex to any simplicial set). Intuitively, this functor associates
to a quasi-category its underlying quasi-groupoid.

Example 4.2.41 (Exercise). Let C be a category. Then R(N•C) is isomorphic to the
nerve of the underlying groupoid of C.

Proposition 4.2.42. There exists a model category structure on Cat, called the canonical
structure, such that :

– the weak equivalences are the equivalences of categories ;
– the fibrations are the isofibrations : these are the functors p : E → B such that

for every object e ∈ E and every isomorphism ϕ : p(e)
∼=−→ b ∈ B, there exists an

isomorphism ψ : e
∼=−→ e′ such that p(ϕ) = ψ ;

– the cofibrations are the functors injective on objects.

Remark 4.2.43. If one assumes the axiom of choice, this model category structure is the
unique model category structure such that the weak equivalences are the equivalences
of categories, hence the name “canonical” [Sch12]. Its homotopy category Ho(C) has
categories as objects and classes of natural isomorphisms of functors as morphisms.

Proposition 4.2.44. The nerve is a right Quillen adjoint to the composition π ◦R :

π ◦R : sSetJ � Cat : N•.
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4 Infinity categories

Remark 4.2.45. For formal reasons, one could have defined this adjoint in a manner
analogous to the geometric realization functor. First note that if X is a set and C a
category, then X × C is a category : we view X as a discrete category (all morphisms are
identities) and form the product in cat. Concretely, X × C consists of several disjoint
copies of C, one for each element of X.

Now let X• ∈ sSet be a simplicial set. One can define h(X) as the following coequalizer,
in the category of categories :

h(X) := coeq
( ⊔
n,m≥0

Xm × [n] ⇒
⊔
n≥0

Xn × [n]
)
,

where the functors Xm × [n]→ Xn × [n] are induced by the simplicial structure of X,
while the functors Xm × [n]→ Xm × [m] are induced by the cosimplicial structure of [•].
(This colimit is an example of a coend : h(X) =

∫
n∈∆ Xn × [n].)

One then verifies, by a purely formal argument, that h is a left adjoint to N• =
Homcat([•],−). Note however that computing colimits in cat is not easy, especially when
one identifies morphisms between different objects. One would in particular need to verify
that this h is indeed given by the composition π ◦R.

4.3 Simplicial categories

4.3.1 Definition and model structure
Another model for ∞-categories is given by categories whose morphism sets form

simplicial sets. (It is also possible to consider categories with topological spaces of
morphisms – see Section 2.5).

Definition 4.3.1. A simplicial category C consists of the following data :
– a class of objects, ob C ;
– for each pair of objects (x, y), a simplicial set MapC(x, y) ;
– for each object x, a vertex idx ∈ MapC(x, y)0 ;
– for each triple of objects (x, y, z), a simplicial composition map

MapC(y, z)×MapC(x, y) ◦−→ MapC(x, z);

satisfying the usual associativity and unitality axioms. A functor of simplicial categories
is defined analogously to ordinary functors. We denote by Cat∆ the category of simplicial
categories.

Remark 4.3.2. Contrary to what the terminology might suggest, a simplicial category
is not a simplicial object in the category of categories. They are sometimes called
“simplicially enriched categories” or “sSet-categories” to mark the difference.
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Proposition 4.3.3 (Exercise). There is an adjunction :

ι : Cat � Cat∆ : π0,

where :
– the functor ι assigns to a category C the simplicial category ιC which has the same

objects and such that MapιC(x, y) is the discrete simplicial set on HomC(x, y) ;
– the functor π0 assigns to a simplicial category D its homotopy category π0D with

the same objects and Homπ0C(x, y) = π0 MapC(x, y).

Démonstration. This follows essentially from the fact that there is an adjunction ι :
Set � sSet : π0 where ι assigns a discrete simplicial set to a set.

Definition 4.3.4. Let C be a simplicial category. An equivalence in C is a morphism f
such that [f ] is an isomorphism in π0C.

Lemma 4.3.5 (Exercise). The functor ι is fully faithful.

Example 4.3.6. Every category C thus defines a “discrete” simplicial category ιC.

Definition 4.3.7. A simplicial category C has an underlying category UC which has the
same objects as C and such that HomUC(x, y) = MapC(x, y)0. We say that a simplicial
category extends its underlying category.

Example 4.3.8. The category sSet of simplicial sets extends to a simplicial category
via the morphism spaces Map•(X,Y ) of Definition 2.5.2.

Example 4.3.9. The category CDGA of commutative differential graded algebras extends
to a simplicial category with the morphism spaces Map•(A,B) of Definition 3.3.15.

Example 4.3.10. The category Cat∆ itself extends to a simplicial category : given
two simplicial categories C and D, the set of (simplicial) functors C→ D extends to a
simplicial set whose 1-simplices are (simplicial) natural transformations, etc.

Theorem 4.3.11 (Bergner [Ber07]). There exists a cofibrantly generated model category
structure on Cat∆, called the Bergner structure where :

– the Dwyer–Kan equivalences are the functors F : C→ D such that
1. the functor π0F : π0C→ π0D is an equivalence of categories ;
2. for all x, y ∈ C, the induced map MapC(x, y)→ MapD(F (x), F (y)) is a weak

equivalence of simplicial sets ;
– the Dwyer–Kan fibrations are the functors F : C→ D such that :

1. for all x, y ∈ C, the induced map MapC(x, y) → MapD(F (x), F (y)) is a
fibration of simplicial sets ;

2. for all x ∈ C, y ∈ D and for every equivalence γ : F (x)→ y, there exists an
object x′ ∈ C and an equivalence γ′ : x→ x′ such that F (γ) = γ′ ;

103



4 Infinity categories

– the Dwyer–Kan cofibrations are the functors that have the LLP with respect to
acyclic fibrations.

One can show that a category is fibrant if and only if all its morphism spaces are
fibrant. Not all categories are cofibrant.

Proposition 4.3.12 (Exercise). The following adjunction is a Quillen adjunction, where
Cat∆ is equipped with the Quillen structure and Cat is equipped with its canonical structure
(Proposition 4.2.42) :

π0 : Cat∆ � Cat : ι.

4.3.2 Comparison with quasi-categories
In this section, we introduce a functor cat∆ → sSet that generalizes the nerve functor

N• = Homcat([•],−). The category [n] extends to a (discrete) simplicial category ι[n]
which is not cofibrant. For our construction to have a homotopical meaning, one possibility
is to resolve this simplicial category.

Definition 4.3.13. Let n ≥ 0 be an integer. For 0 ≤ i ≤ j ≤ n, define Pi,j as the
partially ordered set of subsets of {i, . . . , j} that contain both i and j. We then define
a simplicial category [[n]] whose objects are the integers 0, . . . , n and whose morphism
spaces are :

Map[[n]](i, j) =

∅, if i > j;
N•Pi,j, if i ≤ j.

The composition Map[[n]](i, j)×Map[[n]](j, k)→ Map[[n]](i, k) (for i ≤ j ≤ k) is induced
by the map Pi,j × Pj,k → Pi,k, (I, J) 7→ I ∪ J . The unit is the unique element {i} ∈
Map[[n]](i, i) = N0Pii = Pii.

Lemma 4.3.14 (Exercise). The collection [[•]] defines a cosimplicial object in Cat∆.

Lemma 4.3.15. For all n ≥ 0, there is a Dwyer–Kan equivalence :

[[n]] ∼−→→ ι[n].

Démonstration. For 0 ≤ i < j ≤ n, there is an isomorphism Map[[n]](i, j) ∼= (∆1)j−i−1.
Moreover, Mapι[n](i, j) = ∗. Each of these morphism spaces is therefore contractible, and
one readily verifies that [[n]]→ ι[n] is indeed a Dwyer–Kan equivalence.

Remark 4.3.16. The simplicial category [[n]] is a “free resolution” of [n] (see [DK80c,
Section 2.5] or [Ber07, Definition 3.5.2] where [[n]] is denoted F∗[n]). A vertex in
Map[[n]](i, j)0 = Pij can be seen as a path between i and j in [n] (represented by
the sequence of objects through which it passes).

Definition 4.3.17. The coherent nerve (also called the “simplicial nerve”) is the functor

N∆
• := HomCat∆([[•]],−) : Cat∆ → sSet.
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Remark 4.3.18 (Exercise). If C is a category, then N∆
• (ιC) ∼= N•(C).

Theorem 4.3.19 (Dugger–Spivak [DS11], Lurie [Lur09]). The coherent nerve is part of
a Quillen equivalence :

C : sSetJ � Cat∆ : N∆
•

where sSetJ is equipped with the Joyal structure (Definition 4.2.34) and Cat∆ with the
Bergner structure (Theorem 4.3.11).

Remark 4.3.20. One can show that a simplicial map f : X → Y is a categorical equivalence
if and only if C(f) is a Dwyer–Kan equivalence [Lur09, Proposition 2.2.5.8].
Remark 4.3.21. The functor C, called the rigidification functor, can be computed as
follows. By the Yoneda lemma, HomCat∆(C(∆n),C) ∼= HomsSet(∆n, N∆

• C) ∼= N∆
n C :=

HomCat∆([[n]],C). We must therefore have C(∆n) = [[n]]. Since C is a left adjoint, it
preserves colimits. Every simplicial set is a colimit of simplices, from which we deduce
that

C(X) = colimf :∆n→X [[n]].

(This is an example of a left Kan extension.) If C is a quasi-category, then MapC(C)(x, y) '
MapC(x, y) [DS11, Corollary 5.3].

Quasi-categories and (fibrant) simplicial categories are therefore both models for ∞-
categories. One advantage of simplicial categories is that composition is strictly defined,
whereas in a quasi-category one only has a (contractible) space of possible compositions.
However, the space of functors between two fibrant simplicial categories is not necessarily
fibrant (compare with Proposition 4.2.10). It is therefore necessary to replace this functor
space by a Kan complex before applying homotopical operations to it.

4.4 Limits and colimits (homotopic)
In this section, we will define homotopy limits and colimits in a quasi-category. Since

all notions in a quasi-category are necessarily “homotopic”, we will drop this adjective
and simply call them limits and colimits. One can refer to [Lur09, Section 4.2] or [Gro20,
Section 2].

In a model category, recall that homotopy (co)limits are defined by considering the
total derived functor of the (co)limit functor, which is the right (resp. left) adjoint of the
“constant diagram” functor. Here, we adopt a slightly different point of view : given a
diagram category CI , we consider a (co)limit to be the terminal (resp. initial) object in
the category of (co)cones of CI . We therefore need to define (co)cones and terminal and
initial objects, as well as “slice categories”.

4.4.1 Joins
Let us first recall a classical notion in topology.
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4 Infinity categories

Definition 4.4.1. Let X and Y be two topological spaces. The join of X and Y is the
quotient space :

X ? Y := X × Y × [0, 1]/
(
(x, y, 0) ∼ (x, y′, 0) and (x, y, 1) ∼ (x′, y, 1)

)
.

Concretely, we collapse X × Y × {0} onto X and collapse X × Y × {1} onto Y .
Intuitively, one can think of the join as follows : we consider the disjoint union X t Y ,
then attach a segment between each pair (x, y) where x ∈ X and y ∈ Y .
Example 4.4.2. The join X ? ∗ is the cone CX. The join X ? S0 is the suspension ΣX.
We have homeomorphisms �n ? �m = �n+m+1.

This construction has an analogue for categories. This analogue is not symmetric : one
must consider that the segment attached between x and y goes from x to y.
Definition 4.4.3. Let C and D be two categories. The join C ?D is the category defined
by :

– The class of objects is the disjoint union of the classes of objects of C and D.
– The morphisms are given by :

HomC?D(x, y) =


HomC(x, y), if x, y ∈ C;
HomD(x, y), if x, y ∈ D;
∗, if x ∈ C and y ∈ D;
∅, otherwise.

Example 4.4.4. Let C be a category and ∗ the terminal category.
– The join C. := C ? ∗ is the cocone on C. It is obtained from C by adding a new

terminal object.
– Dually, the join C/ := ∗ ? C is the cone on C. It is obtained from C by adding a

new initial object.
These two constructions extend to simplicial sets.

Definition 4.4.5. Let X and Y be two simplicial sets. Their join X ? Y is the simplicial
set defined by :

(X ? Y )n := Xn t
( ⊔
i+j+1=n

Xi × Yj
)
t Yn.

Lemma 4.4.6 (Exercise). The join X ? Y is indeed a simplicial set.
Example 4.4.7. We have ∆n ?∆m ∼= ∆n+m+1.
Example 4.4.8. If C is a simplicial set, we define the cone C/ and the cocone C. as in
Example 4.4.4. For instance, (Λ2

0). ∼= ∆1 ×∆1 ∼= (Λ2
2)/

Lemma 4.4.9 (Exercise). Let X and Y be two simplicial sets, then |X ? Y | ∼= |X| ? |Y |.
Lemma 4.4.10 (Exercise). Let C and D be two categories, then N•(C ?D) ∼= N•C ?N•D.
Proposition 4.4.11. If C and D are quasi-categories, then C ? D is a quasi-category.
Proposition 4.4.12. If F : C→ C′ and G : D→ D′ are categorical equivalences, then
F ? G : C ? D→ C′ ? D′ is a categorical equivalence.
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4.4.2 Slices, initial objects, terminal objects
Let us recall some concepts from classical category theory.

Definition 4.4.13. Let C be a category and x ∈ C an object. The slice over x is the
category C/x whose objects are morphisms y f−→ x where y ∈ C and f ∈ HomC(y, x), and
whose morphisms are

HomC/x
(y f−→ x, z

g−→ x) = {ϕ : y → z | ϕ ◦ f = g}.

Dually, we define the slice under x as the category Cx/ whose objects are morphisms
x

f−→ y.

Example 4.4.14. The category of pointed spaces Top∗ is the slice Top∗/.

Proposition 4.4.15 (Exercise). Let C be a category and x ∈ C an object. The forgetful
functor C/x → C is an equivalence if and only if x is a terminal object of C. Dually, the
forgetful functor Cx/ → C is an equivalence if and only if x is an initial object of C.

This definition can be generalized as follows :

Definition 4.4.16. Let C be a category and p : E→ B a functor.
– The slice over p is the category B/p whose objects are of the form cstb

η=⇒ p where
b ∈ B and η is a natural transformation between the constant functor cstb : E→ B
equal to b and p.

– The slice under p is the category Bp/ whose objects are of the form p
η=⇒ cstb

where b ∈ B and η is a natural transformation between p and the constant functor
cstb : E→ B equal to b.

Concretely, an object of B/p is a pair (b, η) where b is an object of B and η is a collection
of morphisms {ηe : b→ p(e)}e∈E satisfying, for every f ∈ HomE(e, e′), p(f) ◦ ηe = ηe′ .

Example 4.4.17. Let x ∈ C be an object and cstx : ∗ → C the constant functor equal
to x. Then C/ cstx = C/x and Ccstx / = Cx/.

Proposition 4.4.18 (Exercise). Let p : E → B be a functor. Then we have natural
bijections in C :

HomCat(C,B/p) ∼= HomCatE/
(C ? E,B), HomCat(C,Bp/) ∼= HomCatE/

(E ? C,B).

Remark 4.4.19. In this proposition (and in what follows) we implicitly view C ? E as
being under E via the canonical map, and B with p.

This proposition gives the idea for generalizing these constructions to quasi-categories.
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Proposition 4.4.20. Let p : E → C be a simplicial map between two simplicial sets.
Then there exists a simplicial set C/p having the following universal property (in X) :

HomsSet(C,B/p) = HomsSetE/
(C ? E,B).

Dually, there exists a simplicial set Cp/ having the following universal property (in X) :
HomsSet(C,Bp/) = HomsSetE/

(E ? C,B).
Démonstration. We define (C/p)n = HomsSetE/

(∆n ? E,C) and verify that everything
works.
Proposition 4.4.21 (Exercise). If C is a quasi-category and p : E→ C a simplicial map
(where E ∈ sSet) then C/p (resp. Cp/) is a quasi-category. If moreover q : C → C′ is a
categorical equivalence then C/p → C′

/qp (resp. Cp/ → C′
qp/) is a categorical equivalence.

Definition 4.4.22. We call the quasi-category C/p (resp. Cp/) the slice over p (resp.
under p). If p = cstx : ∗ → C is a constant map, then we write C/p = C/x and Cp/ = Cx/.
Lemma 4.4.23 (Exercise). For any quasi-category C and any object x ∈ C0, (by the
universal property) there are canonical “forgetful” functors :

C/x → C, Cx/ → C.
Definition 4.4.24. Let C be a quasi-category and x ∈ C0 an object. The object x is
called a terminal object (resp. initial object) if C/x → C (resp. Cx/ → C) is an acyclic
fibration of quasi-categories.
Proposition 4.4.25. Let C be a quasi-category and x ∈ C0 an object. Then x is terminal
(resp. initial) if and only if for every y ∈ C0, MapC(y, x) (resp. MapC(x, y)) is weakly
equivalent to a point.
Corollary 4.4.26. Let C be a quasi-category. The full subcategory Cterm (resp. Cinit)
generated by terminal (resp. initial) objects is either empty or weakly contractible.
Remark 4.4.27. This is an∞-categorical version of a statement of the type : “the terminal
object, if it exists, is unique up to unique isomorphism”.

4.4.3 Limits and colimits
We now arrive at the definition of (homotopy) limits and colimits. Recall that if I

is any simplicial set and C a quasi-category, then CI := Map•(I,C) is a quasi-category
(Proposition 4.2.12).
Definition 4.4.28. Let I be a simplicial set and p : I → C a diagram, viewed as an
object of CI .

– A limit of p is a terminal object of CI/p.
– A colimit of p is an initial object of CIp/.

A quasi-category is complete (resp. cocomplete) if it admits all small limits (resp. colimits).
Proposition 4.4.29 (Exercise). The nerve N• is compatible with limits and colimits.
Example 4.4.30. If I = Λ2

0, a colimit indexed by I is a pushout ; if I = Λ2
2, a limit

indexed by I is a pullback.
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4.5 Hammock localization
Let us explain how to associate a fibrant simplicial category (hence an ∞-category)

to a model category. This ∞-category will only depend on the weak equivalences of the
model category.

Definition 4.5.1 ([DK80b]). Let C be a model category. 6 Its hammock localization is the
simplicial category LHC defined as follows. Its objects are those of C. For x, y ∈ C, the n-
simplices of MapLHC(x, y) are the reduced n-hammocks of width k, that is, commutative
diagrams of the following form :

z0,1 z0,1 . . . z0,n

x
... ... . . .

... y

zk,1 zk,1 . . . zk,n

where n+ 1 ≥ 1 is the length of the hammock, all vertical arrows are in W , all horizontal
arrows in a fixed column go in the same direction and are in W if they go to the left, the
directions of the columns alternate, and each column contains at least one arrow that is
not the identity.

The faces delete rows and compose the relevant maps, while the degeneracies repeat
rows. Composition concatenates two hammocks.

Lemma 4.5.2 (Exercise). The hammock localization is indeed a simplicial category.

Remark 4.5.3. In the case of model categories, it suffices to consider hammocks of length
at most 3 [DK80a].
Remark 4.5.4. There are other ways to associate a simplicial category to a relative
category, for example the simplicial localization [DK80c] which involves free resolutions
(as when we defined [[n]] from [n], see Section 4.3.2). The category obtained is equivalent
(in the sense of Dwyer–Kan) to the hammock localization. One can refer to [Ber18,
Section 3.5] for an overview of the different notions.

Proposition 4.5.5 (Exercise). Let C be a model category. There is an equivalence of
categories between the homotopy category of LHC and that of C :

π0(LHC) ' Ho(C).

Proposition 4.5.6. Let C be a model category. Its hammock localization LHC ∈ Cat∆ is
fibrant : each MapLHC(x, y) is a Kan complex.

6. More generally, one can take a relative category, that is, a category equipped with a subclass of
morphisms W closed under composition and containing all identities.
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Definition 4.5.7. Let C be a model category. We define its associated quasi-category
C∞ as the coherent nerve of its hammock localization, C∞ := N∆LHC.

Lemma 4.5.8. Let C be a model category. There is a canonical quasi-functor

λ∞ : N•C→ C∞.

Démonstration. Recall that N•C ∼= N∆
• (ιC) where ιC is the discrete simplicial category

associated to C (Remark 4.3.18). One can define a simplicial functor ιC→ LHC which
sends a morphism to a hammock of length 1. By composing this functor with N∆

• , one
obtains the desired quasi-functor λ∞.

Corollary 4.5.9. Let C be a model category. The functor λ∞ factors through an equiva-
lence between the homotopy categories :

π : Ho(C) ∼−→ π(C∞).

Let us now turn to the functoriality of (−)∞, the ultimate goal being to define an
∞-category of ∞-categories. In general, a functor between two model categories does not
induce a simplicial functor between the hammock localizations : it would need to send
weak equivalences to weak equivalences, which is rarely satisfied. However, if the functor
in question is a Quillen functor (right or left adjoint), then it sends weak equivalences
between bifibrant objects to weak equivalences.

Lemma 4.5.10 (Exercise). Let C be a model category. The inclusions induce categorical
equivalences :

(Cc)∞

(Ccf )∞ C∞

(Cf )∞.

∼∼

∼ ∼

Remark 4.5.11. Here we implicitly use the fact that (−)∞ can be defined for any relative
category ; in general, Cc, Cf and Ccf are not model categories.

We recall that we denote by Q : C → C and R : C → C the cofibrant and fibrant
replacement functors, respectively.

Lemma 4.5.12. Let F : C � D : G be a Quillen adjunction. The functors LF = F ◦Q
and RG = G ◦R preserve hammocks.

Corollary 4.5.13. Let F : C � D : G be a Quillen adjunction. The functors F and G
induce simplicial functors between hammock localizations :

LF : LHC→ LHD, RG : LHD→ LHC.

They also induce functors on their coherent nerves :

F∞ := N∆
• (LF ) : C∞ → D∞, G∞ := N∆

• (RG) : D∞ → C∞.

These functors commute with the equivalence π of Corollary 4.5.9.
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Theorem 4.5.14. Let F : C � D : G be a Quillen equivalence. The functors F∞, G∞ of
the preceding corollary are categorical equivalences inverse to one another.

Definition 4.5.15. The ∞-category of ∞-categories ∞Cat is the localization (sSetJ)∞
of the Joyal model category.

Using the results of Section 4.3 :

Corollary 4.5.16. There is a categorical equivalence between ∞Cat and (Cat∆)∞.

4.6 Presentable quasi-categories and simplicial model
categories

Let us conclude this chapter with an answer to the following question : which ∞-
categories are obtained as localizations of model categories ?

Definition 4.6.1. A quasi-category C is said to be presentable if it is cocomplete and
if there exists a set S of compact objects 7 such that every object of C is obtained as a
filtered colimit of objects of S.

We will see that such a quasi-category can always be obtained as the simplicial nerve
of a combinatorial simplicial model category.

Definition 4.6.2. A simplicial model category is a model category C equipped with an
extension to a simplicial category and two functors

� : C× sSet→ C, (−)(−) : C× sSetop → C

such that :
1. for every X ∈ C, the functor X � − : sSet → C is left adjoint to MapC(X,−) :

C→ sSet :
HomC(X �K,Y ) ∼= HomsSet(K,MapC(X,Y ));

2. for every X ∈ C, the functor Y (−) : sSet → Cop is left adjoint to MapC(−, Y ) :
Cop → sSet :

HomC(X,Y K) ∼= HomsSet(K,MapC(X,Y )).

3. there is an isomorphism X � (K × L) ∼= X � K � L, natural in X ∈ C and
K,L ∈ sSet ;

4. for every simplicial inclusion i : K ↪→ L and for every fibration q : X →→ Y in C,
the canonical map

MapC(L,X)→ MapC(K,X)×Map(K,Y ) Map(L, Y )

is a simplicial fibration, which is acyclic if i or q is so.
7. In general one can also require κ-small for a fixed cardinal κ.
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Remark 4.6.3. The first two conditions mean respectively that C is tensored and cotensored
over sSet. Given the first two conditions, the next two can be summarized by the fact
that � is a left Quillen bifunctor such that any pair of cofibrations, one of which is
acyclic, is sent to an acyclic cofibration. The last condition is an analogue of condition
(MC4) (draw a commutative diagram).

Example 4.6.4. The category sSet itself is a simplicial model category, with � = ×
and KL = Map•(K,L). More generally, model categories of the type sC (for example
simplicial abelian groups) are simplicial model categories.

Simplicial model categories are particularly useful for computations :

Proposition 4.6.5. Let C be a simplicial model category. Let A be a cofibrant object
and X a fibrant object. Then MapC(A,X) is a Kan complex, and

π0(MapC(A,X)) ∼= HomHo(C)(A,X).

Démonstration. The fact that MapC(A,X) is Kan follows from the last condition in the
definition. Since every simplicial set K is cofibrant, we deduce that :

HomHo(sSet)(K,MapC(A,X)) ∼= HomsSet(K,MapC(A,X))/∼
∼= HomC(A�K,X)
∼= HomHo(C)(A�K,X).

Applying the above to K = ∆0, we obtain :

π0 MapC(A,X) = HomHo(sSet)(∆0,MapC(A,X)) ∼= HomHo(C)(A� ∆0, X).

We deduce from the fact that MapC(A,X)0 = HomC(A,X) and from the Yoneda lemma
that A� ∆0 ∼= A, which allows us to conclude.

If C is a simplicial model category, then one can recover its simplicial structure from
its underlying model category :

Proposition 4.6.6 ([DK80b, Proposition 4.8]). Let C be a simplicial model category.
There exists a Dwyer–Kan equivalence between C and the hammock localization of its
underlying model category, natural in C :

C ∼−→ LHC.

Many model categories are equivalent to simplicial model categories :

Theorem 4.6.7 (Dugger [Dug01]). Every combinatorial model category (Definition 1.7.18)
is Quillen equivalent to a combinatorial, left proper simplicial model category.

Remark 4.6.8. Dugger [Dug01] has even shown that if C is a combinatorial and left
proper model category, then one can obtain an equivalent simplicial model category by
considering a left Bousfield localization of C.
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4.6 Presentable quasi-categories and simplicial model categories

We now come to the theorem.

Theorem 4.6.9 (Lurie [Lur09, Proposition A.3.7.6]). A quasi-category is presentable if
and only if it is equivalent (in the sense of quasi-categories) to the simplicial nerve N∆(Ccf )
of the simplicial category formed by the fibrant and cofibrant objects of a combinatorial
simplicial model category.

Combining this result with the previous results, we find that a quasi-category is
presentable if and only if it comes from a combinatorial model category. The model
category in question becomes in some sense a « presentation », or a « model » of the
original quasi-category. This result resolves the ambiguity that exists in English for the
terminology « model category ». On the one hand, one can consider – as Quillen did –
that a « model category » is a category that contains models (the fibrant and cofibrant
objects) for homotopy types. On the other hand, one can consider a « model category »
as a « template category », in the sense that it models a homotopy theory, namely its
associated quasi-category.
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A Categorical Reminders

A.1 Basic Definitions
Definition A.1.1. A category C is the data of

– a class of objects ob C ;
– for every pair of objects X,Y , a set of morphisms HomC(X,Y ) ;
– for every object X, an element idX ∈ HomC(X,X) called « the identity » ;
– for every triple of objectsX,Y, Z, a composition map ◦ : HomC(Y, Z)×HomC(X,Y )→

HomC(X,Z).
These data satisfy the following axioms : for every morphism f ∈ HomC(X,Y ), we have
f ◦ idX = idY ◦f = f , and for every triple of composable morphisms f, g, h, we have
f ◦ (g ◦ h) = (f ◦ g) ◦ h.

Definition A.1.2. A category is called small if its objects form a set.

Example A.1.3. The category of sets Set, the category of topological spaces Top, the
category of chain complexes Ch(R). . .

Definition A.1.4. Let C and D be two categories. A functor F : C→ D associates an
object F (X) ∈ D to every object X ∈ C, and a morphism F (f) ∈ HomD(F (X), F (Y ))
to every morphism f ∈ HomC(X,Y ). This association must satisfy F (idX) = idF (X) and
F (f ◦ g) = F (f) ◦ F (g).

Example A.1.5. There is a category Cat whose objects are categories and whose
morphisms are functors.

Definition A.1.6. Let F,G : C → D be two functors. A natural transformation
η : F ⇒ G is the data of a morphism ηX : F (X) → G(X) for every X ∈ C such
that the following diagrams commute for every f ∈ HomC(X,Y ) :

F (X) F (Y )

G(X) G(Y )

F (f)

ηX ηY

G(f)

.

It is called a natural equivalence if ηX is a bijection for every X. In this case we write
F ' G.
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A Categorical Reminders

Definition A.1.7. An equivalence of categories is a pair of functors F : C � D : G such
that F ◦G ' idD and G ◦ F ' idC.

Definition A.1.8. A functor F : C→ D is called full (resp. faithful, resp. fully faithful)
if, for every pair of objects X,Y ∈ C, the map F : HomC(X,Y )→ HomD(F (X), F (Y ))
is a surjection (resp. injection, resp. bijection). It is called essentially surjective if every
object Z ∈ D is isomorphic to an object of the form F (X) for some X ∈ C.

Proposition A.1.9 (Exercise). A functor is part of an equivalence of categories if and
only if it is fully faithful.

Definition A.1.10. Two functors F : C � D : G are called adjoint if there exist
natural transformations η : idC ⇒ G ◦ F and ε : F ◦ G ⇒ idD inducing bijections
HomC(X,G(Y )) ∼= HomD(F (X), Y ). We say that F is the left adjoint of G and that G
is the right adjoint of F . We write F a G.

Remark A.1.11. The unit ηX : X → G(F (X)) corresponds to idF (X) under the bijec-
tion HomC(X,G(F (X))) ∼= HomD(F (X), F (X)), while the counit εY : F (G(Y )) → Y
corresponds to idG(Y ) under the bijection HomD(F (G(Y )), Y ) ∼= HomC(G(Y ), G(Y )).

Definition A.1.12. A morphism f : A→ B is a retract of g : X → Y if there exists a
commutative diagram :

A X A

B Y B

i

idA

f g

r

f

i′

idB

r′

Example A.1.13. In Set, every subset is a retract. In Top, not every subspace is a
retract (for example Sn−1 is not a retract of Dn.)

A.2 Limits and Colimits
Definition A.2.1. Let I be a small category, C any category, and X = {Xi}i∈I : I → C
a functor (also called a diagram in this context). A limit of X, if it exists, is the data of

– an object L ∈ C ;
– for every i ∈ I, a morphism πi : L → Xi, such that for every morphism f ∈

HomI(i, j), the following diagram commutes :

Xi

L

Xj

Xf

πi

πj
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A.2 Limits and Colimits

satisfying the following universal property : for every object Y ∈ C equipped with
morphisms αj : Y → Xj making similar diagrams commute, there exists a unique
morphism α : Y → L such that πi ◦ α = αi.

Proposition A.2.2. Let X : I → C be a diagram. If a limit of X exists, then it
is unique up to unique isomorphism respecting the structure morphisms. It is denoted
limX = limi∈I Xi.

Example A.2.3. Let I = ∅ be the empty category and X : ∅→ C the unique possible
diagram. A limit of I is an object T such that for every object Y ∈ C, there exists a
unique morphism Y → T . Such an object is called terminal and is generally denoted ∗.
In the category of sets, ∗ is any singleton.

Example A.2.4. Let I = • t • be the category with two objects and no non-trivial
morphisms. A diagram X : I → C is the data of a pair of objects (X1, X2). A limit of X
is an object P equipped with two morphisms π1 : P → X1 and π2 : P → X2. It satisfies
the property that if Y is an object equipped with two morphisms α1 : Y → X1 and
α2 : Y → X2, then there exists a unique morphism α : Y → P such that π1 ◦ α = α1 and
π2 ◦ α = α2. Such an object is called a product of X1 and X2 and is denoted X1 ×X2. In
the category of sets, the product is indeed the Cartesian product.

Example A.2.5. The previous example generalizes. Consider I = • → • ← •, the
category with three objects and two morphisms as indicated. A diagram I → C is of the
form X1

f1−→ Z
f2←− X2. A limit of this diagram is an object P equipped with π1 : P → X1

and π2 : P → X2 such that f1◦π1 = f2◦π2 satisfying the universal property. Such an object
is called a fiber product of X1 and X2 over Z and is denoted X1×ZX2. One also says that
the map π1 : P → X1 is the pullback of f2 : X2 → Z along f1 : X1 → Z (and similarly π2
is the pullback of f1 along f2). In sets, X1 ×Z X2 = {(x, y) ∈ X1 ×X2 | f1(x) = f2(y)}.

Example A.2.6. Let I = •⇒ • be the category with two objects and two non-trivial
morphisms as indicated. A diagram X : I → C is the data of two parallel morphisms
f, g : X1 ⇒ X2. A limit of I is an object E equipped with a morphism i : E → X1 such
that f ◦ i = g ◦ i. It satisfies the property that if Y is an object equipped with a morphism
α : Y → X1 such that f ◦ α = g ◦ α, then there exists a unique morphism α′ : Y → P
such that i ◦ α′ = α. Such an object is called an equalizer of f and g and can be denoted
eq(f, g) or eq(X1 ⇒ X2). In the category of sets, the equalizer of f and g is given by
E = {x ∈ X1 | f(x) = g(x)}.

Let us now turn to the dual case.

Definition A.2.7. Let I be a small category, C any category, and X = {Xi}i∈I : I → C
a functor (also called a diagram in this context). A colimit of X, if it exists, is the data of

– an object C ∈ C ;
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A Categorical Reminders

– for every i ∈ I, a morphism ιi : Xi → C, such that for every morphism f ∈
HomI(i, j), the following diagram commutes :

Xi

C

Xj

ιi

Xf ιj

satisfying the following universal property : for every object Y ∈ C equipped with
morphisms αi : Xi → Y making similar diagrams commute, there exists a unique
morphism α : C → Y such that α ◦ ιi = αi.

Proposition A.2.8. Let X : I → C be a diagram. If a colimit of X exists, then it
is unique up to unique isomorphism respecting the structure morphisms. It is denoted
colimX = colimi∈I Xi.

Example A.2.9. Let I = ∅ be the empty category and X : ∅→ C the unique possible
diagram. A colimit of X is an object D such that for every object Y ∈ C, there exists a
unique morphism D → Y . Such an object is called initial and is generally denoted ∅. In
the category of sets, ∅ is the empty set.

Example A.2.10. Let I = • t • be the category with two objects and no non-trivial
morphisms. A diagram X : I → C is the data of a pair of objects (X1, X2). A colimit of
X is an object S equipped with two morphisms ι1 : X1 → S and ι2 : X2 → S. It satisfies
the property that if Y is an object equipped with two morphisms α1 : X1 → Y and
α2 : X2 → Y , then there exists a unique morphism α : S → Y such that α ◦ ι1 = α1 and
α ◦ ι2 = α2. Such an object is called a coproduct of X1 and X2 and is denoted X1 tX2.
In the category of sets, the coproduct is the disjoint union.

Example A.2.11. The previous example generalizes. Consider I = • ← • → •, the
category with three objects and two morphisms as indicated. A diagram I → C is of the
form X1

f1←− Z
f2−→ X2. A colimit of this diagram is an object S equipped with ι1 : X1 → S

and ι2 : X2 → S such that ι1 ◦ f1 = ι2 ◦ f2 satisfying the universal property. Such an
object is called a pushout of X1 and X2 along Z and is denoted X1 ∪Z X2. One also
says that ι1 is the pushout of f2 along f1 (and also that ι2 is the pushout of f1 along
f2). In sets, X1 ∪Z X2 = X1 tX2/∼ where ∼ is the equivalence relation generated by
f1(z) ∼ f2(z).

Example A.2.12. Let I = •⇒ • be the category with two objects and two non-trivial
morphisms as indicated. A diagram X : I → C is the data of two parallel morphisms
f, g : X1 ⇒ X2. A colimit of I is an object C equipped with a morphism q : X2 → C
such that q ◦ f = q ◦ g. It satisfies the property that if Y is an object equipped with a
morphism α : X2 → Y such that α ◦ f = α ◦ f , then there exists a unique morphism
α′ : C → Y such that α′ ◦ q = α. Such an object is called a coequalizer of f and g and can
be denoted coeq(f, g) or coeq(X1 ⇒ X2). In the category of sets, the coequalizer of f
and g is given by C = X2/∼ where ∼ is the equivalence relation induced by f(x) ∼ g(x).
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A.2 Limits and Colimits

Definition A.2.13. A category is called complete (resp. cocomplete) if every diagram
indexed by a small category admits a limit (resp. a colimit).

Proposition A.2.14 (Exercise). Let I be a small category and C any category. Define
the « constant diagram » functor cstI : C→ CI .

– If every diagram indexed by I admits a limit, then cstI admits a right adjoint given
by {Xi} 7→ limi∈I Xi.

– If every diagram indexed by I admits a colimit, then cstI admits a left adjoint given
by {Xi} 7→ colimi∈I Xi.

119





Bibliographie
[Ber07] Julia E. Bergner. « Three models for the homotopy theory of homotopy

theories ». In : Topology 46.4 (2007), p. 397-436. issn : 0040-9383. doi :
10.1016/j.top.2007.03.002.

[Ber18] Julia E. Bergner. The homotopy theory of (∞, 1)-categories. London
Mathematical Society Student Texts 90. Cambridge : Cambridge Univ. Press,
2018. 273 p. isbn : 978-1-107-49902-7. doi : 10.1017/9781316181874.

[BV68] J. Michael Boardman et Rainer M. Vogt. « Homotopy-everything H-
spaces ». In : Bull. Am. Math. Soc. 74 (1968), p. 1117-1122. issn : 0002-9904.
doi : 10.1090/S0002-9904-1968-12070-1.

[BV73] J. Michael Boardman et Rainer M. Vogt. Homotopy invariant algebraic
structures on topological spaces. Lect. Notes Math. 347. Berlin Heidelberg :
Springer, 1973. 257 p. isbn : 978-3-540-06479-4. doi : 10.1007/BFb0068547.

[Bre93] Glen E. Bredon. Topology and geometry. Graduate Texts in Mathematics
139. New York : Springer, 1993. 557 p. isbn : 0-387-97926-3. doi : 10.1007/
978-1-4757-6848-0.

[Bro73] Kenneth S. Brown. « Abstract homotopy theory and generalized sheaf
cohomology ». In : Trans. Am. Math. Soc. 186 (1973), p. 419-458. issn :
0002-9947. doi : 10.2307/1996573.

[Col06] Michael Cole. « Mixing model structures ». In : Topol. Appl. 153.7 (2006),
p. 1016-1032. issn : 0166-8641. doi : 10.1016/j.topol.2005.02.004.

[DGMS75] Pierre Deligne, Phillip Griffiths, John Morgan et Dennis Sullivan.
« Real homotopy theory of Kähler manifolds ». In : Invent. Math. 29.3 (1975),
p. 245-274. issn : 0020-9910. doi : 10.1007/BF01389853.

[Die08] Tammo tom Dieck. Algebraic topology. EMS Textbooks in Mathematics.
Zürich : EMS, 2008. 567 p. isbn : 978-3-03719-048-7. doi : 10.4171/048.

[Dol58] Albrecht Dold. « Homology of symmetric products and other functors of
complexes ». In : Ann. Math. 2e sér. 68 (1958), p. 54-80. issn : 0003-486X.
doi : 10.2307/1970043.

[Dug01] Daniel Dugger. « Combinatorial model categories have presentations ».
In : Adv. Math. 164.1 (2001), p. 177-201. issn : 0001-8708. doi : 10.1006/
aima.2001.2015. arXiv : math/0007068.

[DS11] Daniel Dugger et David I. Spivak. « Mapping spaces in quasi-categories ».
In : Algebr. Geom. Topol. 11.1 (2011), p. 263-325. issn : 1472-2747. doi :
10.2140/agt.2011.11.263. arXiv : 0911.0469.

121

https://doi.org/10.1016/j.top.2007.03.002
https://doi.org/10.1017/9781316181874
https://doi.org/10.1090/S0002-9904-1968-12070-1
https://doi.org/10.1007/BFb0068547
https://doi.org/10.1007/978-1-4757-6848-0
https://doi.org/10.1007/978-1-4757-6848-0
https://doi.org/10.2307/1996573
https://doi.org/10.1016/j.topol.2005.02.004
https://doi.org/10.1007/BF01389853
https://doi.org/10.4171/048
https://doi.org/10.2307/1970043
https://doi.org/10.1006/aima.2001.2015
https://doi.org/10.1006/aima.2001.2015
https://arxiv.org/abs/math/0007068
https://doi.org/10.2140/agt.2011.11.263
https://arxiv.org/abs/0911.0469


Bibliographie

[DK80a] William G. Dwyer et Daniel M. Kan. « Calculating simplicial localiza-
tions ». In : J. Pure Appl. Algebra 18.1 (1980), p. 17-35. issn : 0022-4049.
doi : 10.1016/0022-4049(80)90113-9.

[DK80b] William G. Dwyer et Daniel M. Kan. « Function complexes in homotopical
algebra ». In : Topology 19.4 (1980), p. 427-440. issn : 0040-9383. doi :
10.1016/0040-9383(80)90025-7.

[DK80c] William G. Dwyer et Daniel M. Kan. « Simplicial localizations of catego-
ries ». In : J. Pure Appl. Algebra 17.3 (1980), p. 267-284. issn : 0022-4049.
doi : 10.1016/0022-4049(80)90049-3.

[DS95] William G. Dwyer et Jan Spalinski. « Homotopy theories and model cate-
gories ». In : Handbook of algebraic topology. Sous la dir. d’I. M. James. Am-
sterdam : North-Holland, 1995, p. 73-126. doi : 10.1016/B978-044481779-
2/50003-1.

[FHT01] Yves Félix, Stephen Halperin et Jean-Claude Thomas. Rational homo-
topy theory. Graduate Texts in Mathematics 205. New York : Springer, 2001.
535 p. isbn : 0-387-95068-0. doi : 10.1007/978-1-4613-0105-9.

[FHT15] Yves Félix, Steve Halperin et Jean-Claude Thomas. Rational homotopy
theory. II. Hackensack, NJ : World Scientific, 2015. 412 p. isbn : 978-981-
4651-42-4. doi : 10.1142/9473.

[FOT08] Yves Félix, John Oprea et Daniel Tanré. Algebraic models in geometry.
Oxford Graduate Texts in Mathematics 17. Oxford : Oxford Univ. Press,
2008. 460 p. isbn : 978-0-19-920651-3.

[Fre17] Benoit Fresse. Homotopy of Operads and Grothendieck–Teichmüller Groups.
T. 1 : The Algebraic Theory and its Topological Background. Math. Surv.
Monogr. 217. Providence, RI : Am. Math. Soc., 2017. 532 p. isbn : 978-1-
4704-3481-6. doi : 10.1090/surv/217.1.

[Fre70] Peter Freyd. « Homotopy is not concrete ». In : The Steenrod Algebra
and its Applications. Conf. to Celebrate N. E. Steenrod’s Sixtieth Birthday
(Battelle Memorial Inst., Columbus, Ohio, 1970). Lect. Notes Math. 168.
Springer, Berlin, 1970, p. 25-34.

[Fri08] Greg Friedman. « An elementary illustrated introduction to simplicial sets ».
In : Rocky Mountain J. Math. 42.2 (2008), p. 353-423. arXiv : 0809.4221.

[GZ67] P. Gabriel et M. Zisman. Calculus of fractions and homotopy theory.
Ergebnisse der Mathematik und ihrer Grenzgebiete 35. New York : Springer,
1967. 168 p. isbn : 978-3-642-85846-8. doi : 10.1007/978-3-642-85844-4.

[Gin19] Grégory Ginot. Introduction à l’homotopie. Notes de cours. 2019. url :
https://www.math.univ-paris13.fr/%7Eginot/Homotopie/Ginot-
homotopie2019.pdf.

122

https://doi.org/10.1016/0022-4049(80)90113-9
https://doi.org/10.1016/0040-9383(80)90025-7
https://doi.org/10.1016/0022-4049(80)90049-3
https://doi.org/10.1016/B978-044481779-2/50003-1
https://doi.org/10.1016/B978-044481779-2/50003-1
https://doi.org/10.1007/978-1-4613-0105-9
https://doi.org/10.1142/9473
https://doi.org/10.1090/surv/217.1
https://arxiv.org/abs/0809.4221
https://doi.org/10.1007/978-3-642-85844-4
https://www.math.univ-paris13.fr/%7Eginot/Homotopie/Ginot-homotopie2019.pdf
https://www.math.univ-paris13.fr/%7Eginot/Homotopie/Ginot-homotopie2019.pdf


Bibliographie

[GK94] Victor Ginzburg et Mikhail Kapranov. « Koszul duality for operads ».
In : Duke Math. J. 76.1 (1994), p. 203-272. issn : 0012-7094. doi : 10.1215/
S0012-7094-94-07608-4.

[GJ99] Paul G. Goerss et John F. Jardine. Simplicial homotopy theory. Progress
in Mathematics 174. Basel : Birkhäuser, 1999. 510 p. isbn : 3-7643-6064-X.
doi : 10.1007/978-3-0348-8707-6.

[GM13] Phillip Griffiths et John Morgan. Rational homotopy theory and diffe-
rential forms. 2e éd. Progress in Mathematics 16. New York : Springer, 2013.
224 p. isbn : 978-1-4614-8467-7. doi : 10.1007/978-1-4614-8468-4.

[Gro20] Moritz Groth. « A short course on ∞-categories ». In : 2020. doi : 10.
1201/9781351251624-14. arXiv : 1007.2925.

[Hat02] Allen Hatcher. Algebraic topology. Cambridge : Cambridge Univ. Press,
2002. 544 p. isbn : 0-521-79160-X. url : http://pi.math.cornell.edu/
~hatcher/AT/AT.pdf.

[Hes07] Kathryn Hess. « Rational homotopy theory. A brief introduction ». In :
Interactions between Homotopy Theory and Algebra (University of Chicago,
26 juill.-6 août 2004). Sous la dir. de Luchezar L. Avramov, J. Daniel
Christensen, William G. Dwyer, Michael A. Mandell et Brooke E.
Shipley. Contemp. Math. 436. Providence, RI : Am. Math. Soc., 2007,
p. 175-202. doi : 10.1090/conm/436/08409.

[Hir03] Philip S. Hirschhorn. Model categories and their localizations. Math.
Surv. Monogr. 99. Providence, RI : Am. Math. Soc., 2003. 457 p. isbn :
0-8218-3279-4.

[Hov99] Mark Hovey. Model categories. Math. Surv. Monogr. 63. Providence, RI :
Am. Math. Soc., 1999. 209 p. isbn : 0-8218-1359-5.

[Joy02] André Joyal. « Quasi-categories and Kan complexes ». In : J. Pure Appl.
Algebra 175.1–3 (Special volume celebrating the 70th birthday of Professor
Max Kelly 2002), p. 207-222. issn : 0022-4049. doi : 10.1016/S0022-
4049(02)00135-4.

[Joy08] André Joyal. « The Theory of Quasi-Categories and its Applications ».
Lectures at CRM Barcelona. 2008.

[Joy] André Joyal. « Theory of quasi-categories I ». En prép.
[Kan58] Daniel M. Kan. « Functors involving c.s.s. complexes ». In : Trans. Am.

Math. Soc. 87 (1958), p. 330-346. issn : 0002-9947. doi : 10.2307/1993103.
[Kon93] Maxim Kontsevich. « Formal (non)commutative symplectic geometry ».

In : The Gel’fand Mathematical Seminars. 1990–1992. Sous la dir. d’Israel
M. Gelfand, Lawrence Corwin et James Lepowsky. Boston, MA :
Birkhäuser Boston, 1993, p. 173-187. isbn : 978-0-8176-3689-0. doi : 10.
1007/978-1-4612-0345-2_11.

123

https://doi.org/10.1215/S0012-7094-94-07608-4
https://doi.org/10.1215/S0012-7094-94-07608-4
https://doi.org/10.1007/978-3-0348-8707-6
https://doi.org/10.1007/978-1-4614-8468-4
https://doi.org/10.1201/9781351251624-14
https://doi.org/10.1201/9781351251624-14
https://arxiv.org/abs/1007.2925
http://pi.math.cornell.edu/~hatcher/AT/AT.pdf
http://pi.math.cornell.edu/~hatcher/AT/AT.pdf
https://doi.org/10.1090/conm/436/08409
https://doi.org/10.1016/S0022-4049(02)00135-4
https://doi.org/10.1016/S0022-4049(02)00135-4
https://doi.org/10.2307/1993103
https://doi.org/10.1007/978-1-4612-0345-2_11
https://doi.org/10.1007/978-1-4612-0345-2_11


Bibliographie

[LV12] Jean-Louis Loday et Bruno Vallette. Algebraic operads. Grundlehren
der mathematischen Wissenschaften 346. Berlin-Heidelberg : Springer, 2012.
634 p. isbn : 978-3-642-30361-6. doi : 10.1007/978-3-642-30362-3.

[Lur09] Jacob Lurie. Higher topos theory. Annals of Mathematics Studies 170.
Princeton, NJ : Princeton Univ. Press, 2009. 925 p. isbn : 978-0-691-14049-0.
doi : 10.1515/9781400830558.

[Lur17] Jacob Lurie. Higher Algebra. 18 sept. 2017. url : http://www.math.
harvard.edu/~lurie/papers/HA.pdf.

[May72] J. Peter May. The Geometry of Iterated Loop Spaces. Lectures Notes in
Mathematics 271. Berlin : Springer, 1972. 175 p. isbn : 978-3-540-05904-2.
doi : 10.1007/BFb0067491.

[Moo54] J. C. Moore. « Homotopie des complexes monoïdaux I ». In : Séminaire
Henri Cartan 7.2 (1954-1955). url : http://www.numdam.org/item/SHC_
1954-1955__7_2_A8_0/.

[Qui69] Daniel Quillen. « Rational homotopy theory ». In : Ann. Math. 2e sér. 90
(1969), p. 205-295. issn : 0003-486X. doi : 10.2307/1970725.

[Qui67] Daniel G. Quillen. Homotopical algebra. Lect. Notes Math. 43. Berlin-
Heidelberg : Springer, 1967. 156 p. doi : 10.1007/BFb0097438.

[Sai17] Henri Paul de Saint-Gervais. Analysis Situs. 2017. url : http : / /
analysis-situs.math.cnrs.fr.

[Sch15] Pierre Schapira. Categories and homological algebras. An introduction to
derived categories. 2015. url : https://webusers.imj-prg.fr/%7Epierre.
schapira/lectnotes/HomAl.pdf.

[Sch12] Christopher Schommer-Pries. The canonical model structure on Cat. 2012.
url : https://sbseminar.wordpress.com/2012/11/16/the-canonical-
model-structure-on-cat/.

[Ser53] Jean-Pierre Serre. « Groupes d’homotopie et classes de groupes abéliens ».
In : Ann. Math. 2e sér. 58 (1953), p. 258-294. issn : 0003-486X. doi :
10.2307/1969789.

[Spa95] Edwin Spanier. Algebraic Topology. Berlin : Springer, 1995. 528 p. isbn :
978-1-4684-9322-1. doi : 10.1007/978-1-4684-9322-1.

[Str72] Arne Strøm. « The homotopy category is a homotopy category ». In : Arch.
Math. 23 (1972), p. 435-441. issn : 0003-889X. doi : 10.1007/BF01304912.

[Sul77] Dennis Sullivan. « Infinitesimal computations in topology ». In : Publ.
Math. Inst. Hautes Étud. Sci. 47 (1977), p. 269-331. issn : 0073-8301. doi :
10.1007/BF02684341.

[Tan19] Till Tantau. The TikZ and PGF Packages. Manual for version 3.1.4b. 2019.
url : https://github.com/pgf-tikz/pgf.

124

https://doi.org/10.1007/978-3-642-30362-3
https://doi.org/10.1515/9781400830558
http://www.math.harvard.edu/~lurie/papers/HA.pdf
http://www.math.harvard.edu/~lurie/papers/HA.pdf
https://doi.org/10.1007/BFb0067491
http://www.numdam.org/item/SHC_1954-1955__7_2_A8_0/
http://www.numdam.org/item/SHC_1954-1955__7_2_A8_0/
https://doi.org/10.2307/1970725
https://doi.org/10.1007/BFb0097438
http://analysis-situs.math.cnrs.fr
http://analysis-situs.math.cnrs.fr
https://webusers.imj-prg.fr/%7Epierre.schapira/lectnotes/HomAl.pdf
https://webusers.imj-prg.fr/%7Epierre.schapira/lectnotes/HomAl.pdf
https://sbseminar.wordpress.com/2012/11/16/the-canonical-model-structure-on-cat/
https://sbseminar.wordpress.com/2012/11/16/the-canonical-model-structure-on-cat/
https://doi.org/10.2307/1969789
https://doi.org/10.1007/978-1-4684-9322-1
https://doi.org/10.1007/BF01304912
https://doi.org/10.1007/BF02684341
https://github.com/pgf-tikz/pgf


Bibliographie

[Val20] Bruno Vallette. Homotopie I. 2020. url : https://www.math.univ-
paris13.fr/~vallette/Course-Master%20II-2020.html.

[Wei94] Charles A. Weibel. An introduction to homological algebra. Cambridge
Studies in Advanced Mathematics 38. Cambridge : Cambridge Univ. Press,
1994. 450 p. isbn : 0-521-43500-5. doi : 10.1017/CBO9781139644136.

[Whi49] J. H. C. Whitehead. « Combinatorial homotopy. I ». In : Bull. Am. Math.
Soc. 55 (1949), p. 213-245. issn : 0002-9904. doi : 10.1090/S0002-9904-
1949-09175-9.

125

https://www.math.univ-paris13.fr/~vallette/Course-Master%20II-2020.html
https://www.math.univ-paris13.fr/~vallette/Course-Master%20II-2020.html
https://doi.org/10.1017/CBO9781139644136
https://doi.org/10.1090/S0002-9904-1949-09175-9
https://doi.org/10.1090/S0002-9904-1949-09175-9




Index

(co)fibrant replacement, 11
CCE

∗ (g), 85
M[W −1], 13
∆, ∆n

• , 41
�n, 42
∂∆n

• , 44
∆≤n, 45
Λn
k , 45

Ω∗
PL(X), 71

Ω∗
PL(∆n), 70

VG, 62
V G, 62
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